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IMPORTANT NOTE

This volume was written by and for engineers and scientists who are
concerned with the analysis and synthesis of piloted aircraft flight
control systems. The Bureau of Aeronautics undertook the sporisorship of
this project when it became apparenlt. that many significant advances were
being made in this extremely technical field and that the presentation
and dissemination of information concerning such advances would be of
benefit to the Services, to the airframe companies, and to the individ-
uals concerned. |

A éontract for collecting, codifying, and presenting this scattered
material was awarded to Northrop Aircraft, Inc., and the present basic
volume represents the results of these efforts,

The need for such a volume as this is obvious to those working in
the field. It is equally apparent that the rapid changes and refine-
ments in the techniques used make it essential that new material be
added as it becomes available. The best way of inainta.ining and improving
the usefulnesé of this volume is therefore by frequent revisions to keep
it as complete and as up-to-date as possible,

For these reasons, the Bureau of Aeronautics solicits suggestions
for revisions and additions from',those who make use of the volume. In
some caseé » these suggestions might be simply that the wording of a

paragraph be ch'anged for clarification; in other cases, whole sections

outlining new techniques might be submitted.

CONFIDENTIAL | .
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Each suggestion will be acknowledged and will receive c,a,ref\-;l‘gtudy.

- For those which are approved, revision pages will be prepared and dis-

tributed. Each of these‘wi‘ll contain notations as necessary to give full

- credit to the person and organization responsible,

This cooperation on the partloi‘ the readersf;pf this volume is.vital.
Suggestions forwarded to the Chief, Bureau of Aeronautics (Attention
AE-612), Washington 25, D. C., will be most welcome.

L. M. Chattler

Head, Actuating & Fllght Controls Systems Section
Airborne Equipment Division ‘ :
 Bureau of Aeronautics
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PREFACE

This volume, The Hydraulic System, has been written under Buler

Contract NOas 51-514(c) to present to those concerned with the problems

of designing integrated aircraft control systems certain basic informa~-
tion regarding‘hydrauli.c systems used to position é.ircra,ft control sur-
faces. | |

The purpose of the volume is to develo.ﬁ mathematical models of
typical aircraft hydraulic control syétem.s. The analyses are used to
show the‘ effects of various system parameters on stabilit;y where aero-
elastic behavior of the airframe is not a prominent factor. Portions
of the analyses are used to outline possible flutter systems including
the aeroelastic airplane, the hydraulic actuator, and other servomech- -
anisms of flight controller .loops.

It is mathematically expedient, though somewhat artificial, to
treat the flutter problem as a separate entity. This separation corre-
sponds to current practice in fche study of the control of aircraft. The
material of this volume is therefore presented in two parts.

Part I, composed of eight chapters, is primarily concerned with
derivation of the controlling equations of typical actuators and with
stability of typical systems embracing an actuator and a simplified
control surface.' The problem of instability is given heavy emphagis »
and several methods for overcoming this difficulty are presented.
Details of design have been considered only where the reader may be'
aided in a physical understanding of the behavior of typical systems.
The hydraulic actuator configurations which are discussed have been

chosen as most nearly representing current design practice.
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Part II of the volume is composed of two chapters. The first deals
with the conceptual modifica.tion of the classica.l flutter system to

&

eccount for the effect on flutter of a complex corxtrol system embracing
several servomeche.nisms. A second chapter presents certain techniques
for effecting a solution of the complete servo-flutter system.

-Among those who have helped in the preparation oi‘ this volume, h
speclal reference should be made to R. E. Gaskill for his ekilful work

in transcribing the many equations, and to Shirley Keys who typed the

msnuscript .

D. Ti McRuer, Supervisor’
Servomechanisms Section
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PAAT I

HYDRAULIC ACTUATING SYSTEMS
CHAPTER 1
INTRODUCTIOK

Part I of this volume is concerﬁéd specifically with the problems and
the general design criteria associated with hydraulically powered aircraft
surface controls, The early sections deal with general cogsiderations
relating to this subject, and the later chapters discuss more specific
applications of particular systems. It should be emphasized that through-

out the volume the basic analytical approach rests upon the mathematical

models of the tran'sﬁr functions of interest. The effects of parameter
variations upon these transfer functions and upon over-all .perfémance are
discussed in the final chapters, - |

A primary consideration in the design of any type of servomechanism,
or of control systems in general, is the ease with which the flow of power
is controlled. Among other things which a servo does, it operates as a
power amplifier, gnd therefore the facility with which the power may be

metered into some dynamical system determines to a large degree the choice

of various components comprising the system. Nearly all the difficulties

encountered in the design of any device arise from a misapplication of the

most fundamental engineering concepts, In the particular case of a hydraulic

control device, certain design ahortcomings_ may be attributed to improper
applications of such basic concepts as fluid flow and system dynamics, and
to other simpler considerations, mechanical in nature,

With these introductory thoughts in mind, the more general consider—
ations entailed in hydraulics analysis will now be presented.

CONFIDENTIAL -
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‘ment elsewhere in the system.
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«  CHAPTER II

GENERAL CONSIDERATIONS
SECTION 1 - THE NATURE OF THE HYDRAULIC MEDIUM

The hydraulic meiiium is considered tc be a (;relafoively) .incompreasiblq

. fluid. In addition it is considered to be completely continuous and homo-

rs

geneous, This implies that, in the hydraulic system, there are no disconti-

nuities, such as cavitation, free air, etc. The hydraulic medium is thus

~capable of completely filling any cavity or chamber. This hydraulic medium,

which will be referred to hereafter as a "liquid," is-capable of withstanding

compressive loading only., The column of liquid comprising the hydraulic system

" ¢an be considered as a fluid piston. Therefore a displacement of a volume of’

liquid anywhere in the hydrailic system will result in an equivalent displace- .

[

Consider a system made up of two movable pistcns connected by mear:s of

'

external plumbing.

Working Fluid
under Pressure
P .

o : . ’AP
p= Output Load X=X, 22

A A . AP:

Figure II-l. Simple Hydraulic System

The chambers formed by the two pistons and the bores in which they operate
and also the interconnecting plumbing are completel? filled with liquid.

Disregarding the transient state ,' if one piston is displaced, the entire
CONFIDENTIAL ’ II-1
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Section 1  CONFDENTIAL

column of liquid undergoes an identical volumetric displacement., The linear
displacement of the secondvpiaton is equal to that of tAhev first piston modified
by a péépbii‘%iohaiity'faétér which is the ratio of the areas of the two pistons
sxposed to the hydraulic fluid, AP, /A'? . If the output piston operates against
a load, the liquid contained in the system is subjected to a compressive loading.
The intensity of this loading is ‘the magr}itude of the output load divided by
the irea’ of the output. member'\~ as seen: by the fluid under compression., The .
intensity of the 'éoxnpre_ssive stress so generated is referred to as "pressure,". .
which 'is generally expressed in pounds per square inch. If the velocities. .
encountered in a system are not high, this compressive stress is uniform through-
out the, system, ' : |

The product of the volumetric flow rate (corresponding to the output piston
velocity) and the generated pressure yieids a time rate of work performed, of
power output. In the hydraulic system described above, if the load on the A‘out-
put member is such that a pressure of 1714 pounds per square inch is induced
throughout the system, and if the input member is moved so that the fluid is
displaced at the rate of one gallon per minute » the system is transmitting one
»horsepowor. _ .

SECTION 2 - GENERATION OF HYDRAULIC POWER

Since the main function of the hydraulic control system is to meter
hydraulic power into a dyhamical ?ystem, a brief discuégion c;f how thiq power
is generated is pertinent, The source of the hydraulic power is a fluid |
pump of some type, usually driven by the main propulsion unit of the aircraft,

In general, two types of pumps are available: these are classified as
hydrokinetic and hydrostatic. |

-2 CONFIDINTIAL
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The hydrokinetic type pump involves the handling of relatively large vol=-
imos of fluid at fairly low pressures. An.example of this tqu of hydraulic ‘

' .po'wer generator is the well-known centrifugal pump, In a device of this sort,

large volumes of fluid are received in a central chamber, This fluid is accel=-

erated in a radial direction and attains high velocity. The momentum thus

' |
imparted to the fluid.is delivéred to the high pressure outlet of the pump as

- the fluid is decelerated in the outlet chamber, Since this type of fluid

power generator lis. not normally used in aircraft hydraulic systems, only pass—
ing mention of the device is made here,

Because minimization of the weight and volume of components used in air-
cr‘a.ft systems is of prime importance, the hydrostatic, or positi\fe displacement,
type pump is almost universally used. The simplest type of plump (see Figure
II-2) is a simple reciprocating piston.

10AD [

__.,, : e i - /Retum

Piston Reciprocated
by Prime Mover

A Suinp
'Figure II-2. Simple Reciprocating Piston

CONFIDENTIAL | 11-3
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The piston is connected to suction and discharge ports by means of appropriate

valving such that on the suctiori part of the stroke the chambér formed by the® -

" piston and the bore in which it operates.is completely filled with 'fluid takeh -

from the suction line, During the reverse; or discharée‘ R stroke this volume of

fluid is delivered to the discharge line at a somewhat higher pressure. If the

piston is driven co‘ntir.,mous‘ly in an approximately sinusoidal manner by ‘means '

of a crank mechanism, a simple positive displacement pump is the results '
A device of this typé is suitable for use with a compressible fluid; an

example is its uée as an air compressor. However, this kind 61‘-A1‘:‘ump cannot

be uged as a hydraulic power generator since the discharge rate throughout the

cycle is not constant, or even approximately so. In order to provide a"s'ah\.‘,i’s-'-wwwm

factory hydraulic power generator, a multiplicity of such pistons must be.pro-.:'

vided, In addition, the angular i)hasing of the pistons should be such that

each piston performs its suction and discharge functions in a fixed phase

relationship to the piston which follows it. To mihimize pump output ripple,

an uneven number of pistons is employed.

Valve Plate (Stationary)

H Cylinder Barrel
' /—Piston (One of, say, nine )
7777 |
-, /’Z_:— D E &y« Radial Bearing
_ ——7/ S ?‘\—Thrus;t.Bea.ring_‘
Pump Housing ——e K . —Is) ‘ . SR
—° F > 508
—= =/ SIS
=7 | N \\\\
\Y, | & \—Shaft Driven by
> Prime Mover
Universal Joints — v
‘Socket Ring ” -

Figure II'/-'B("a*)-;. Positive Displacement Hydraulic Pump

-
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£l

- Stationary

Note: Socket ring thrust and radial bearing not shbwn.

Figure II-3(b), Positive Displacement Hydraulic Pump

A typical configuration (see Figure II-3) consists of, say, seven or nipé
pistoné (A) operating in the bores of a rc;tatable cylinder barrel (B). The
pistons are'A connected to a rotatable socket ring (C) by means of short connect-
ing rods (D) and ball and socket joints (E). The socket ring and the cylinder
barrel are synchronized by means of a small connecting shaft (F) and universal
Joints (G) as required. Consider that the sockeﬁ ring is rotated by -son;e

prime mover such as the main propulsion plant. Therefore, the cylinder barrel

. and the pistons also rotate about a longitudinal axis, If the socket riné is

displaced angularly about a transverse axis normal to the axis of rotation,
continuous reciprocation of the pistons relative to the cylinder barrel results

as the socket ring is driven by the prime moirer. _Bécause the bores in which

‘the pistons operate are arranged parallel to the axis of rotation of the cylin-

der barrel and are located a.t th'e same radial dista.nc‘e from the axis of rotation,
and since the angular spacing of the bores is equal in each case, the desired
fixed phase i-elationship between the individual pistons is achieved. The

remaining necessary feature is the valving means which alternately comnects

CONFIDINTIAL | | 11-5
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the pistons, as they reciprocate, tor the suction and discharge lines of the
hjdra‘ulic system. The cylinder barrel is provided with a flat surface normal
to the axis of its rotation. The chambers of variable volume, formed by the
piston heads and the parallel bores in the .cylinder barrel, commnicate with
the flat surface of the base of. the cylinder barx;el' by means of drilled holes
(H) of reduced diameter. These hoies » of course, move 'ﬁhrough a circular path
as fhe cylinder barrel rotat*es' in synchronism with the socket ring. Rotation
of the cylinder barrel thrdugh 180° moves some réference piston into 'the cyl-
inder barrel, thereby reducing the volume of fluid within the 'cylihdér.' Dur-
ing the remaining half cycle, the pistén travels in the reverse direction,
drawing fluid into the cylinder. All that remains to be provided is means
to isolate these two regioné of operation from each other and to connect them
reépe‘ctively to the c'lischa.rge and suction lines of thg hydraulic system.

The flat base of the cylinder barrel ;fotates against a flat surface which
forms a valve plate 4(J ) fixed to the pump housing (x). The valve plate is

equipped with two kidney shaped.ports (L). These two ports are so arranged

that one of them commnicates through the holes (H) with the chambers in which

the pistons are adva.ncing and for which the volume of the chambers is there-
fore decreasing; and the other pqrt gives access to the chambers in which the
volume is increasing.. ) A _

At the two de'ad center positions, corresponding to the point where any
piston reverses direction; commtating lands separate the two ports of the
valve plate. The width of these two commtating lands is approximately equal
to the diameter of the holes in the flat surface of the cylinder barrel. The
two ports of the valve plate are connected directly with the suétion and dis-

charge lines of the hydra_.ulic syetem; The configuration of the cylinder bores,

II-6 CONFIDENTIAL
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thé reduced diameter holes,' and the semi-circular ports of the valve'plate are

arranged by means of careful design so that the system is in a sta"l;.q of hydrau-

lic balance. Thus ihterna.l pressure has no tendency to disturb the intimate

surface contact of the rotating cylinder barrel with the'stationary valve plate.

If the angular relationship of the socket ring to the cylinder barrel

about the transverse axis is fixed, the pump is a constant displacement type.

If this angular reiationship ‘can be changed during the normal operation of the

‘-Mp, it becomes a vériable displacement type. Both are widely used in air-

craft installations.

The type of equipnent Just described when driven by a prime mover is a |
hydraulic pump. The same basic unit when supplied by a source of hydraulic
fluid under pressuré can be used as a motor. The combination of a variable
displac_ement pump di'iving a constantddiSpla.cement motor'constitutgs the_basic
configuration of a positive displacemenf hydraulic transmission. This device

is widely used and is to be considered in some detail in this chapter,
SECTION 3 - FUNCTION OF THE HYDRAULIC SERVOMECHANISM

The function of the hydraulic servomechanism is to control the flow of

hjrdra.ulié power. This power is in the form of a volumetric flow rate of a

. (relatively) incompressible fluid operating, generally, against an appreciable

load-induced pressure. This volumetric flow is used to actuate some type_ of

_ servo motor. The servo motor or actuator is used to control the position,

velocity, or acceleration of some dynamical system which is made up of lumped
or distributed elements of inertia, damping, and elasticity. Ther_efore, the
dynamical nature of the load and the attendant coupling of the dynamics of the

load to those of the servo actuator with its associated control elements,

" present a problem of some complexity. Generally the power level of the output

'CONFIDENTIAL 11~
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of the hydraulic“éervo is many times greater than the power livol of the input

signal.

Thus the hydraulic‘servomeéhanism operates as'avpower amplifiér.

Because the unit is actuated by the existence of an error, generéily

appearing as a valve diéplacement, a feedback loop and an error senéing élament

are necessary parts of the éystem. The hydraulic servomechanism must control

the position, velocity, and acceleration (and sometimes higher dérivativéé) of

the output control member in a stable fashion throughout the entire frequency

spectrum,

Marginal instability exhibited by a condition of incipient hunting

is sufficient reason for rejecting any specific servo design.

The functions and performance requirements of the hydraulic servomechanism

" are of-course identical to those of any other type of servomechanism, In the

functional consideration of the hydraulic servomechanism it is necessary to

study those particular features which make the use of hydraulic components par-

ticularly attractive to the controls'deéignef.‘ Those f eatures which are worthy

of consideration are enumerated aé'fblloﬁé:

1.
2,
3.
ke
.5,
6.
7.

Size

Weight

Power level

Speed of response (torque to inertia ratio)
Reliability | " |
Cost

Ease of control

The first four items of this list are those in which the hydraulic servo

has an advantage over other types through a certain range of power levels. The

data in Table II-1 indicate the important features of several comercia.lly

available hydraulic motors adaptable directly for use as servo actuators. Most

I1-8
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£
- VICKERS INC, MOTOR NO,
MOTOR UNITS : ’ ,
CHARACTERISTICS "
MF=-24-3906- | MF=36~3908- |MF=3909- ‘ |
308C-2 302-2 3022 o
Maximum Operating psi 3000 . 3000 | 3000 |
. Pressure
- — it .t o v+ e e emim meis a e >
Maximum R.P.M. ' ’ §
Continuous TR __L Soon 3750 3750
Displacement in3 / rev. | 0,095 0.240 0,367
Torque at Maximum in.=1b. | 45.4 115 75
Pressure
Horsepower at Maximum h.p. L3 6.8 10.4
Pressure & R.P.M. '
. .2 4 -4 -4
Moment of Inertia 1b.in,.sec 1,09 x 10| 4.95x10 | 1,02 x 10
Volume of Oil Under in3 0.12 0.35 042
Compression
Approximate Volumetric g 9% 96 96
Efficiency , S
Weight 1bs, 1.75 2.75 L5 ‘ :
: [
Torque to Pressure ind 0.015 0.038 0,058 ;
Ratio : '
Torque to Inertia rad, / sec? 410,000 | 230,000 171,000 )
Ratio
Hydraulic Compliance* |rad./lb.in.| 53.3 x 10°| 24.3 x 10| 13,16 x 10 .

Table II-l.

¥*Based on a bulk modulus for the hydraulic fluid of 250,000 psi..

(Compliance is reciprocal of "stiffness.")

" CONFIDENTIAL
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of the features listed are from the manufacturers' catalog data, Some of the g;:)
others are calculated frbm ﬁhese data.
"For a high performance servo, the most important item on the list is the
tofque to inertia ratio. This ratio is often given as a figure of merit for a
servo motor and is a direct measure of the available acceleration., Of almost
equally great importance is thé low weight (and corresponding small size) of
any of the motors listed‘for‘the given power rating. Comparison of the items -
of this' list with thogg for an equivalent electric servo actuator clearly dem=-
onstrates the superiority of the hydraulic servo,
The‘éost/of hydréulic‘components is generaliy fairly high because Bf the
necessary precision of tﬁe manufacturing techniques. 'Even so, the cost of
hydraulic component§ cqmpares.favorably with that of equifalent‘components of
other types. This is especially true iﬁ the field of aircraft control systems, (:;)
In general, the reliﬁbility of hydraulic components is excellent. The
flexibility and ease of coﬁtr?;.further enhance the over-all excellence of the
hydraulic servo. It is believed that the ease with which hydraulic power can

be contrélled will become evident later in this chapter when the control of

hydraulic power is more specifically considered.
'SECTION 4 - TYPES OF HYDRAULIC SERVOMOTORS %

Hydraulic servomotors can be classified under two generic headings; they

-are the linear and the rotary types. The former of these is the direct acting

hydraulically controlled piston actuator. This type of actuator generally
operates with the chambers at each éide of the piston head pressurizegf (An
exception to this is ﬁhe use of this kind of actuator in the so-called "open

center" system.) The piston may be of the balanced area type in which the

O
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_areas exposéd to'the respective pressures at the two sides of the piston head

afe,approzdmately equal, With such an a.étuator,‘ the pressures on bath sides -

_of the piston head, 'and the resulting fluid flows, are precisely controlled by

. complementary servo elements. (See Figure II-_h(a)_.)

X\ ;‘|\<:\
L
lr lIl”
{
N

L L L

. (a) Balanced area piston type actuator.
(Pressures /° and £ at each side of piston head
both controlled by valving means.)

‘Constant ]
High Prossure % 9

s__i._—.__::

Ll LLL L L L L

| (b) Differential area piston type actuator.
(Only one pressure, 4 , controlled by valving means.,)

Figure II-4, Types of Servo Actuator

, An alternate tjrpe of linear servé actuator is the piston type in which
thé raf;io of the areas of eithe.r side of the actuator pistén head is approx-
imately two to one'. (See Figure II-4(b).) In. such a device, the small area
chamber is'ported directly to the constant pressure system supply. The pres-
sure and the .flc'aw raté to the 1a'rgér area chambe.r goptrol'thé" actuator per-
formance, |

CONFIDENTIAL II-11



Section 5 ' CONFIDENTIAL

The rotary type actuator assumes a v;riety of forms,. _Practica.'l,]; any type
of positive displacement hydraulic pump can be ada.pted for uée as a rotary
servo actuator. These include axial and radial multiple piston actuators as
well as gear and vane type actuators.,

In general, any hydrauli¢ servo actuator, linear or rotary, can be con-
trolled either by the use of conventional valving or by the use of a servo con-—

trolled variable displacement pump.
SECTION 5 - POSITIVE DISPLACEMENT HYDRAULIC TRANSMISSION

The po;itive displacement ﬁydraulic transmission consists basicaily of a
variable displacement pump and a fixed displacement motor hydraulically inter-
connected in such a way that the volumetric output of the pump drives the
hydraulic motor. The variable displacement pump is driven at a constant speed
by some type of prime mover. ‘The angular velocity of tﬁe motor is proportional
to the volumetric flow pate to it; the latter is"proportional to the angle of
tilt of the socket ring in the pump if the device is of the same type as that
described earlier in this chapter. Therefore, servo control of the ogtput
member, that is, of the fixed displacement motor, is achieved by dpntrol of the
tilt angle of the variable displacement pump. Generally the variable displace-—
ment pump is referred to as the "A-end," and the fixed displacement motor is
referred to as the "B-end." The siﬁple system is as shown:

| e

A-end Tilt Control (X)—

w
=—‘ﬂ_— .' \\“‘\\)\)\& ,‘0
- A W
i N To
< B | Load
Drive Motor A-end (Pump) B~end (Motor)

Figure II-5., .Hydraulic Transmission
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'The basic equation involved can be expressed as:
(II-l) ‘OP - OM* QL g OC .

where

Qr 1is the total volumetric flow rate from the pump

¢y 1s the flow rate consumed by motor rotation

" Q is the leakage flow rate

Q. is the compressibility "flow rate® '
It is possible to define each of the quantities above in terms of known system
characteristics,* |

QP Wfaries from zero to & maximum in stepless increments as controlled

by the A-end stroke (X) . X varies from zero to * 1.0, Therefore
(11-2) Qo = Xdpw)y (in? / sec.)

where
@, is the volumetric displecement of the A-end at full stroke (X=.0)per
unit of angular displacement (in? / radian).
(‘)d is the (constant) angular velocity at which the A-end is driven.

Also:
(11-3) Q =LA (ind / sec.)

where:
L is the system leakage factor of the complete transmission. (This
is derivable from catalog curves of volumetric efficiency versus pres-

sure drop across the motor. This is very nearly a linear function,)

#The following derivation of (II-6) is essentially that given in
Brown, G. S., and Campbell, D. P., Principles of Servomchanisms, John
Wiley & Sons, New York, 1948,
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A is the pressure drop (psi) across the motor. (This is entirely a load

induced pressure,)

Further:

~ _% dR g
(11-4) & =73 gt (in? / sec.)
wheré:

76 is the total wolume of liquid under compression in the active system.,
(This is a constant and does not’ vary with motor position.)

N is the bulk modulus of the liquid. (See Chapter III, Section 2.)
Finally: ’

[

(11-5) lQ"M = d,, W (in3 / sec.)

where: .
'dm is the volumetric displacement of the B-end per unit angular dis-
- placement. |
4 4, is the angular velocity (variable) of the B-end.
- Combining (II-2), (II-3), (II-4), and (II-5):
(11-6) Xdpaly = dpad * LR *+ -75—'2—?—

At this point, it is convenient to introduce the quantity Z, » vhich is

referred to as "load impedance," !

By definition,

S S
Xm
therefore, from (II-5): ,

R = Z,ad, ‘/-,f
Substituting this value of £ into Equation (II-6):

1I-14 | *  CONPMDINTIAL
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(II-7)  Xdpa)y = dpab * zLd,,,'cbo(L + —;—?‘- )

The Laplace transform is introduced at this point to simplify presentation of
the equations,

The open loop transfer function of the hydra.ulic trandnisaion is then:

(I1-8) %(s) - q;")" / >
mo e ZL(L + Vcs) |

For the relationship bstween the angular output position (6,) of the Bend
and the control input (X) , there results: “

ar9) 2L
|+ Z‘(L f»ﬁc’s)
where :
§ .- 5
) ap

Several simple cases of specific types of loading are considered:
Case (a) | ' |

The case wherean inertia element is ‘rigidly coupled to the B-end output

. shaft,

The load torque,

T = Js?g

CONFIDENTIAL - 1I=15
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Since

Z = ::gm
Also, the torque,

I =ch i

where ¢ (in3) is the motor torque per unit pressure.(inch pounds per psi
active syétem pressurs differential). This value is often given as part of
the manufacturer's model designation, |

Therefore, in this case,
Jszeo

Z ‘c'd,,,seo

or

—
ca,,

CZ6)-

and the system (open loop) transfer function becomes

(11-10) %(s)'= q:,“)d % e
m cd,* JLs + °s7
A\ N
or
| 6, K /
- Q) = —-
e XU e )
cq, N cd,
Case (b)

The case where an inertia element is coupled to the B-end output ghaft

by means of an elastic member and with output damping,
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As before,
7 = _Jorgue
o €5 6,

The load torque,
= k(6,-8) = Js'e * Bsq

‘from which
¢ Js?+ Bs + &k
Then the torque,
= /<2 \ (S .

T =l B
Since

7 - Torgue

k(/s + B)
Z.(5) = (

‘od,,(Js?+Bs + k)

and the system transfer function becomes

eo() d,, Wy ' | cd,,(Js®+ Bs + k)

(11-12) d s ' ' k% ~
™ od,(Jst+Bs v k)+ kl(/s+B)+ Wcﬁjs‘ +8Bs)

_? (Js‘;’# Bs + k)
KJ J;E).,‘(B?‘z;: e/ng) ( 5/«4]

- CONPIDENTIAL 1I-17
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Case (c)

This system is the same as (b) but with zero damping (B=0) .

xS (%7 ) LY *]
[k'*cd,,,/vs*c«d,,,"”

In a similar manner, load dynamics of any degree of complexity can be
.'included in the over-all system transfef function, Study of the transfer func-
tion above yields the design ‘requirements of the servo device which controia
the stroke (X) of the A-end, |

SECTION é - SEPARATION OF LOAD DYNAMICS

In the preceding section, the concept of load impedance was introduced,
This was done in order to establish a means whereby the load dynamics of a
system may be separated from the dynamics of the unloaded servo device., Al-
though it is not necessary to separate the load dynamics in this manner, doing
so sometimes yields a better physical insight. The techniques involved may
appeal to certain engineers, and this section is presenfed for that reason,

Iﬁ general the dynamic;.s of the unloaded servo element are fairly easy to
define., If no other means are available, a series of simple bench tests will
suffice, in many cases, to establish the important parameters applicable to
the unloaded servo element. If the dynamics of the load can be handled as a
separate entity, the over-ail problem of determining syaf;m behavior becomes
somewhat simplified. |

11-18 “CON!I"D!NTIAL
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In order to clarify this idea, the block diagram below is considered.

e Gy

8
—

LOAD

" pnaIcs [T ¢

——— K6, ———=

Figure II-6. Load Block Diagram

In the diagram the transfer function of the uhloaded servo system is des-

ignated by A:G. . For a condition of no load the system output (a) is identi-
S ~$

cal with §,, ‘since the contribution of the load dyhamics is zero. For‘the
system operating under an appreciable loaa, the unloaded system output (a)
differs from the actual output (6,) by the amount (b) suppiieci by the load
dynamics. It is well to keéep in mind that the diagram does not necessarily -

represent any actual physical array of hardware, Parts of the diagram may be

purely fictitious, and such an arrangement is used here only to provide a means

of understa.nd:_lng the over-all problem,

If the diagram is accepted as such, the following relationships are appar-

ent,
(1) @ = a-b

b is subtracted from & by the fictitious differential device D-2,
(11) € =6 -6,

€ can be considered the instantaneous error and is formed by comparing
system output (5,) to the input ( 6;) at the differential device D-1,
(111) 8 = (KG,)E |
AsGs 1is the open loop transfer function of the unloaded system,

CONPFIDENTIAL 1I-19
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(v) b= (k&)6 e
G is the "transfer function" of the load dynamics.

(V) &, = (K- G,)E

ArGr is the actual open loop system transfer function under load.

Combining (I), (III), and (IV),
& = (/sts)e "(/‘264)90

and

S . A
-~ & KSGS(/* KLGL> |

)
Since -é’ is by definition Ay Gr,

. /
(II-B) KTGT = KSGS(/ + /(LGL)

This last expreAssion relates the ;:«ver-a.ll system transfer function to the
transfer function of the unloaded system and that of the load dynamics as a

separate entity., This may be compared with the general expression for the over-

all system transfer function of the positive displacement hydraulic. transmission,

Equation (II-9), which is repeated below as:

(11-14) %(5)= Ll / -
¢ a (s e)
In this expression the unloaded system transfer function is that part of

the right hand side not enclosed in the brackets. Therefore, in this case:

K
KsGs = ?

This indicates that the unloaded positive displacement hydraulic transmission
acts as a perfect integrator, as indeed it does, That is, for a fixed position '
of A-end tilt, a proportional B-end output velocity results,

II-20
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Further comparison of Equations (II-13) and ‘(II-].L) shows that the transfer

function of the load dynamics is:
14
(11-15) KG = Z (L + Ws

The performance of a well-designed servo system employing a positive
displacement hydraulic transmission will be such that in the range of fre-

quencies covered by the input signal, the device will operate very nearly like

load dynamics become more prqnounced, there must be no evidence of incipient
instability. In addition, of course, the device must be capable of meeting |
whatever performance specifications are applicable, ” | |
' These last comments apply, in a gener.a.l sense, to the valve controlled
actuator servo device., This type of servo element is discussed in the fo].low-.
ing section, An attempt is made to show the similarity of the valve controlled

servo, which is basically a non-linear device, to the poa;ltive displacement

type, which is essentially a linear device,
.SECTION 7 - VALVE CONTROLLED SERVO ELEMENT

The valve controlled hydraulic actuator is probably more widely used as
a servo element in aircraft control surface actuation yhan any other device,
A typical configuration employing a closed center four-way control valve with
unity feedback is shown in Figure II-7, | .

CONFIDENTIAL II-2
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Figure II-7. Valve Controlled Hydraulic Actuator
In the figure, @ is system supply pressure, and £ is system return pres-
sure, For the purpose of the present discussion, £ is assumed to be zero and
R a constant,
Control of the actuator is accomﬁlished by simultaneously controlling the
volumetric flow to and from the two chambers adjacent to the two sides of the
piston head. The flow to the cylinder through an inlet orifice is given by

the basic relationship:

(11-6)  Q = Ca,/'zgfff.

(This éciuation can be readily derived from Bernoulli's equation, See, for
example, Vennard, J. K., Element Fluid Mechanics, John Wiley & Sons, New
York, 1940,) |
where

C 1is the orifice coefficient

" @ 1is the orifice area
w5 1is the specific weight of the fluid
Ap is the pressure dropvacross the orifice

g is the acceleration due to gravity

1122 _
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Assuning an essentially closed-center valve configuration, 1.e., negligible
leskage flow past the valve lands at a c@ntored valve position, the flow
relationship above also expresses the 'vblnmetric time rate of cylinder dis-

placement. Further, the pressure drop,4p , across the orifice becomes

_a simple function of the system pressure/” and the load induced pressure

R - (P=F -L) . Since the inlet orifice area is a direct function of

- the instantaneous system error £ (or valve displacement from neutral), it

follows that the effective flow tending to move the cylinder is a function

‘of the three va‘riables Just néined, i.e.,

Q=F(5 8, 4)
If it is assumed that the total flow Q consists of a steady flow Q" and
. . * . ,
a perturbation, ¢ , about this steady value: Q= Q+g ; then the perturbed
flow can be approximated as the first-order Taylor's series 'o:.:panaion of ¢
as a function of £, 2 , and B¢

N 0Q 0Q 9Q
(11-17) ¢=3¢%" VX * SR A

but since the system supply pressure has been paeumed constant:
(11-18) g =C. € - Gpa

vwhere, by definition,

(11-19) C = ‘g—i_— ; Cp, = — Dg
L

The perturbation flow rate g may also be thoﬁght of as the sum of two
components: ‘ .
- {1) An incompressible component, g, , which causes motion of the cyl-
inder relative to the pis’t.;n,., |
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(2) A compressible component, % » due to the compliance of the fluid éj)
within the cylinder; this éomponent causes no actuator motion,.

Therefore

g = 90 # % .(leakag‘eflow is assumed negligible)

where . ) . -
Do =ds Xo

- and is-that part of the flow which results in actuator motion;

.also
/

e
%~ N SR
and is that part of the flow through the nlire orifice which does not result
in actuator motion.

Therefore , o | (D

g = AsX, + A—/—sp‘ =GE - Gna

or

. | ,
(I1-20) Cc € = AsX, +(cp * %s)p,_

where
‘ A is the area of the actuator piston
’ 7’  1is the effective volume under compression ’
Xo is the actuator output position - -
y E is the system instanta.ne.ouis error

A is the load induced pressure

N is the bulk modulus of the fluid
All the variables above are perturbation quantities, The detailed treat-
ment of this part of the description is presented elsewhere in this volume, (‘)

=
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The foregoing makes no attempt to justify completely the v‘a.lidit’y of the state-
uents made, The reader is referred to Chapter III of this volume which treats
this subject in greater detail, Specifically, the reader will need to under-
stand what is meant by "the effective volume, 772" o

The conicept of load impedance is a.gain applied‘to coﬁpare this typo of
system with the positive displacement hydraulic trmmiuion..

By definition, |

Z - 2
g
Since
% = AsXy A= ZAsXy

Substituting this value of © into Equation (II-20) givess
S
(11-21) ' CcE = AsXy + Z‘Asxo(p"s * Cp)

Writing this expression in the form of the open loop transfer function
results in:

‘ Xofg)  Co !
(1T=22) 6(s) = =4

/| + 2, (-—A-/-s + Cp)
" This may now be compared with the equivalent expression for the positive
displacement, hydia.ulic transmission:

() R(s) = B L
lm S ] + z‘(—ﬁ-s + L)

The two expressions are identical in form, with the load dynamics iso-
lated in each case, However, some very important differences exist, In
(11-23), all the system parameters as given are constant and are fairly easy

to evaluate,
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These constants are:

' g’%/“—y system gain term
oy . .
% volume of oil under compression

L leakage factor (which gives rise to system damping)

However, in the case of the valve controlled actuator device, none of the
equivalent terms is a constant except over a very small operating range. Over
~  any appreciable operati:ng range, the problem is to assi@ reasonably accurate
average values to Cé:. » &, and T,. Actually in practice it is fairly easy

" to establish a fealis‘i:ic value for C.., For conservative design the value of
‘f,i‘or the piston at the midpoint of the stroke may be used sixice this is the
point of maximum hydraulic compliance, ‘

The most elusive parameter is the effective damping factor, Cp . No simple,
direct method of evaluating this quantity, short of actually testing an exist-
ing device, is known to be completely satisfactory at this writing.

The reason for presenting tohe positive displacement hydraulic transmission
and the valve controlled  actuator in the manner in which this was done was to
bring out the rather rema.rk#ble similarity of the two devices, Actual fre-
quency response tests carried out on eia’mples of the two types operating against
s;milar loading and at the same power level yield very similar results, This
is true in spite of the fact that in one case the system is linear throughout,

r and in the ot.her case the system is very definitely non-linear,

v
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CHAPTER III

ANALYSIS OF THE GENERALIZED HYDRAULIC SERVO ACTUATOR
SECTION 1 - INTRODUCTION

In this chapter, an analysis of the generalized hydraulic servo actuator

shown in Figure III-1 is presented.

Cable or Pushrod

Input Dampei-
- P
Input ressure Port
Input || , Coupling Valve Slide
7\ Spring
A ' { Sump Port
/ Tt ]////i/ill.&llw ’
= = - Cylinder
T : —_ e
Z Va.lvé ~ ! :\
D —_—
smper Piston QS T T
T
sdadedas

Operating Ports

Control Surface

Figure III-1, The Generalized Hydraulic Servo Actuatox

Since the input, or control member, is subject to only a portion of a

static load on the control surface, the mechanism shown in the figure is a
power boost actuator; that is, the hydraulic system provides only a portion of
the energy necessary to move the output, or controlled member, against the

imposed load. The rest of the necessary energy must be supplied by another

source at the control end of the actuator. In an aircraft application, this
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Section 1 | ~ CONFIDENTIAL

additional mechanism is either the human pilot or a flight controller servo-motor,

The energy requirements for actuating aircraft control surfaces have increased

steadily through the years, requiring the hydraulic system to proﬁde an ihcreas-

ing proportion of the energy supplied. The limiting type — ﬁhat in which the
control member is not subject to any appreciable static load — is called the
fully-powered actuator, and is of great importance at the present time. There
remains, however, considerable interest in the power boost type. The mechénism
of Figure III-1 has been selected so that the results of its analysis may be
specialized to describe the behavior of a large percentage of the hydraulic servo
actuators in current use. '

The slide valve in Figure III-1 is of the conventional four-port type and
is mounted integrally with the hydraulic cylinder. A more general actuator in
which the valve housing is mounted on a linkage rather than directly attached
to the cylinder would I'équire additional flexible tubing, and the follow-up
linkage would be likely to have considerable backlash. Because of these dis-

advantages, the more complicated system is of limited importance. The actuator
of Figure III-1 may be ‘régarded as typical of practice.

To accomplish its purpose of effectively duplicating input displacement in
output displacement regardless of load, a positional actuator must have one or
more feedback loops. The presence of the feedback makes an actuator a servo-—
mechanism and therefbre makes an investigation of its stability a critical part
of the analysis. The mechanism of Figure III-1 has more than one feedback loop,
but the principal feedback is due to the integral mounting 'ofv valve and cylinder.

The valve may in -general be one of the types broadly classified as "open
center," "closed center," and "open center —closed center"; tha;t‘ is, the valve

spool in a central positj.on may fall short of covering the operating ports
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leading to the cylinder, it may overlap tliese pOrts? or it may come very near
to covering the ports exactly. The range of operation of a.glide valve will in
general include a central region of open center type behavio: and adJaAco;nt.l |
regions of substaﬁtially closed center behavior, In the region of opeh' center
type behavior, the flow from an operating port to the cylinder, i.e., the flow

tending to move the cylinder, is the difference of two flows — that from the

pressure port past a valve spool land into the operating port and that from.

.the operating port past the valve spool land to the sump port.

A hydra‘.ulic servo actuator which includes a predominantly open cente;*)typ’e

valve is characterized by considerable position error when operating under load, — -
On the other hand, with an open center type valve, the fluid on each side -of
the cy‘lind_er'is ‘always under ‘compressiop , minimizing the entrainment of air and

the resultant reduction of oil rigidity. The "dead band" characteristic of a
coniplete'ly closed cente‘r type valve (one with overlap) is regarded as undesira-
ble, and n'nost present practice ig a compromise, utilizing valves wh:.ch are
essentially of the closed center .type, but which have a small central region
of open center type behavior,

The ana.lys_is'.to be presented will be applicable to both a region of closed

center type valve operation and a range of open center behavior, although the

result of its application in the latter case will be only a good approximation,

becoming,iess and less accurate as the range of opexi center behavior is made
more extensive, ‘
The mechanism under discussion is inherently nonlinear. Known mathemati-

cal techniques do not at present provide means for solving, in otheér than nuneri-

.cal form, the true nonlinear prob'Iem'. However, a Iineariged 'treatunt is suffi-

cient basis for designing to meet most requirements, and the following analysis
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is in terms of small increments, or "perturbations,” about an operating point

described by a fixsd set of values of independent variables.

The
1.
2,

3e

1.

. 2,
3.

4,
5¢

‘plan of attack is as follows:
.Derivation of flow equations of the hydraulic servo.
Derivation, under fairly general hypotheses, of the force and linkage

equations of the servo.

Combination of (1) and (2) to secure a literal description of over-all

servo behavior,

following assumptions govern the analysis: -

Linearity exists about operating points; i.e., the relationship between

any two variables may be regarded as proportional within a sufficiently
small range of values of the variables, '

A1l masses and dampings can be replaced by lumped parameters,

The valve is essentially symmetrical; i.e., the valve spool and"valve
housing may assume such a relative position that all areas open to
flow are approximately equal in magnitude and geometrically similar.,
Both valve spool and valve housing are rigid.

The valve is designed in such a way that the rate of change of momentum
of the fluid as it passes through the valve,is negligible,resulting in
the effective elimination of centering and decentering forces on the
valve; or, equivalently, the numerical values assigned to an input cou-

pling spring and a valve damper (see Figure III-1) are altered by the

~ proper amounts to account for the valve forces,

6.

7.

III-4

The fluid in the cylinder is always compressed to the extent that cawe
itation is negligible.
The piston is double-ended.
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8., Flows through ports connecting valve and cylinder are substantially
equivalent,

9. The cylinder is rigid; or, equivalently, allowance is made ‘for cylinder

B flexibility when considering oil compressibility. |

10, There is no leakage past the piston,

SECTION -2 ~ FLOW EQUATIONS OF THE ACTUATOR

(a) VALVE ERROR

Referring to Figure III-1l, it is evident that the flc;ws from operating
ports of the valve to the portions of the cyiiﬁder separated by the p:ft.ston are |
primarily dependent on the position of the valve re]:ative to its héus’iné. It

is desirable to introduce a variable to represent this relative position. In

~ the following, this variable is called the "valve errori" Since both the valve

spool and valve housing are assumed rigid, no deflections of these. -structﬁres
need enter the definition of valve error,

If X, is the displacement of an arbitrary. point of the valve spool, and
if X, is displacement of an arbitrary point of the cylinder, both measured
from a point on a fixed structure, a valve error £ is defined as to form by
the relationship £ = X,,‘.Xo. It remains only to choose a relative position of"
valve an& cylinder which will be associated with a zero value of the error. A
convenient choice for this pui'pose is usually the relative position which would
be détermined in test by capping the two operating ports with pressure gages,
making supply and sump connections » and moving the_valve spool relative to the
housing until the operating port pressureﬁ match, For a Ysymmetrical valve, a
relative position determined in this way ﬁll be‘ one qu Qh.ich a;l areas open

to flow between valve and cylinder are equal in mggnitude and geometrically
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similar, and for which the common value of operating port pressures is one-half
the sum of supply énd sump pressures,
Let the perturbations of X,., X, , and £ be x, , X, , and £ ,. respectively;

then the error perturbation is given by

(I11-1)° €= %, - %,

Supply
Pressure

Valve Slide

—~= Pg
Sump Pressure

~—_ Cylinder

A "p\
Piston

Figure III-2. Flow, Pressure, and Displacement Definitions

| (b) FLOW FROM THE VALVE

£ Figure (III~2) shows flows (), and Q, , from operating ports into the cyl-
inder. The flow Q, is of necessity a function of the supply pressure lﬁ P the
sump pressure ;3 , the valve error £ , and the pressure £ in the cylin&er vol-
ume on the right side of the piston. Similarly, Q, is a function of B
R 5 £ , and the pressure £ in the cylinder volume to the left of the piston.
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If the range of open center type operation of the valve is not extensive, there

will be little interaction between the hydraulic actuator and either the supply .

or the sump systems; for this reason / and /2 are regarded as constants in
the following analysis. This leaves Q, and Qz as functions of two §ariab1ea:
Q, is deternined by £ and £ ; and Q, , by 2 and £.

To construct a _Simple , practical analysis of the actuator, it is desirable

to redué_e the number of quantities on which the flows depend, In particular it

| is preferable to restrict the analysis so as to permit the use of a single vol=-

umetric flow variable Q instead of the two flows Q, and Q,, and also a sin-
gle load induced pressure variable £ instead of the two pressures '/~ and /23.
The first requirement is met by restricting the mathematical model of the actu=-

ator so that the flows Q) a.nd Q, are equal in magnitudes:

(I11-2)  Q:=-Q, =Q

For the elimination of one of the pressure variables, the variable- 2 is

defined as the pressure differential across the piston:
(I11-3) P =R-E

A rigorous correlation on the basis of the expressions (III-2) and (III-3)
is not possible in general, and it is a -matter for inquiry to determine what

limitations the use of these expressions places on the actuator analysis, These

limitations will now be illustrated for the case of a completely symmetrical valve,

i.e.; a valve in which all areas open to flow between valve and cylinder are equal
in magnitude and geometrically similar at zero valve error.

The fuhctional dependence of the flow on relevant parameters is obtained by
use of the fundamental oriﬁce equation for substantially incompressible flow:

m-) Q= ca /2288
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from which, using the definition (III-3),

*
() o =B "“f) * R
and
"
gy g BrEIE
Y
1

Figure III-3. General Form of the Error Coefficient of
Flow Through a Single Orifice
If (III-2) is assumed valid, and the 'error is large enough in a positive sense
8o that (-£) is effectively zero, (III-7) is ébtained, and (I11-8) and (III-9)
follow., Again, 1f the error is large enough in a negative sense so that % ([/
is effectively zero, (III-7), (III-8), (111-9) again apply.

From the above remarks, it appears that if (III-2) is valid and the valve
is symmetrical, a correlation in /2 , rather than in / and 2 , is possible
in regions of closed center type valve operation and also in that part of the
open center range of valve error where Q=0 , It may be shown that for inter-
vening ranges of valve error a correlation in /2 alone is not possible, but

that an analysis on the basis of (III-2) and (III-3) will yield an excellent
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approximation when the region of open center type operation is not extensive,
fhe single flow equation for the case of the symmetrical valve is obtained
from (III-2), (III-5), (III-6), (III-8), and (III-9):

(I11-10) Q = ﬂé](@ 2% - JZ/_E/[(@ 2l

For a valve having a marked degree of asymmetry of behavior, a correlation
in £ becomes dubious, This is the motivation for Assumption 3 given in the
introduction to this chapter.

All of the following analysis assumes the approximate validity of a corre-
lation . of flow behavior in terms of a single flow Q and the pressure difference

Z + An equation in perturbed quantities may then be written as:

) 2Q
$ =3¢ " 2R 7

(I11-11)

Figure III-4 shows typical va;riations of net flow &) with pressure differ-
ential 2 , valve error £ being held constant; and of Q with £ , /7 being

held constant.

f | | ' P_= Constant -
:N E=Constant . T P=0-—
. . .
I ¢ jl— d— 'L—: -
— T\l T

E=0 : ';;ll -PL | e
] L ] i g
l ﬁ R— J i [ ELJ E =
- — | Region of

L-"(Ph ..p \ /&z (pﬁ - P: ) , g;:: g;g::zion

(a) Variation of Net Flow from Valve to (b) Variation of Net Flow from Valve
Cylinder with Pressure Differential to Cylinder with Valve Error ‘
Across the Piston

Figure III-4. Typical Variations of Net Flow
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The figure also shows a typical operating point, the fixed values of the vari-

* | and indicates possible

ables defining thé operating point being Q*, e* s R
values of the perturbed quantities. The partial derivatives in (III-11) are
the slopes of the curves evaluated at the operating point,

In Figure III-4, note that QQ/ JE  is always positive and that 9Q / IR
is always negative. It will be advantageous in the development that follows to

make the normal signs of these quantities apparent; that is

(1I11-12) g = C.€ - Cpp,

where
. 29
Ce = 3%
_2Q
Cp = Y

The term C}D is analogous to the slope of the torque-speed curve of a shunt
motor and gives rise to a similar damping action. The term (. is analogous to
the slope of the speed-field current curve of a shunt motor and produces a similar
gain term in the over-all system,

Co varies from a very small positive value to infinity as a function of
£ . and £ , the very small positive value occurring when the valve error is zero
and no pressure differential exists across the piston, and the infinite value

occurs at a stalled cylinder condition.

(¢) FLOW INTO THE CYLINDER

It now becomes nec'eesary to relate the flow from the valve to cylinder |
motion, piston motion s and pressure differential across the piston. In devel-
oping the equations for cylinder flow, the compressibility of the fluid Will

be taken into account,

CONFIDENTIAL III-11
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The total mass of fluid to one side of the piston at any time ¢ is

(III-13)  m =7
where
7 is the volume ‘occupied by the fluid mass
/0 is the fluid density at the time 7, assumed independent of position
within the volume -

and the volumetric flow corresponding to this mass flow rate is

ldm _dv . vdo
(M) Q=T3¢ “d¢ ' odt

The compressibility of the fluid is characterized by the expression

dpP - - aP
(111-16) N Yd 7 \me=consteont ~ 7° do

where
N is the bulk modulus of the fluid
0 is the fluid density |
P is the fluid pressure

By inserting this relation into (III-15):

dT+7’dP

(111-17) “dt T Nd:t

(III-17) applies to each of the regions of the cylinder separated by the
piston (see Figure III-2),

a4y |, ¥ dR
+
4t ' N dt

II1-12 ‘CONFIDENTIAL
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d% , % % df

(-19) Q= o7 Nz e

If it is assumed that the instantaneous flow into one side of the cylinder
is equal to the instantaneous flow out of the other side, i.e., Q"-'—QZE Q,

and if it is further assumed that the bulk modulus N is constant, and the same
magnitude for both regions, (III-18) and (III-19) become:

o d7 . ¥ dP d% . % dP)
- =2 L4 el 2 2 a2
(I1-20) Q=57 "Nt (dt +N2dt
Since
dy _ _d%
dt - d¢
it follows that
wy oy EE 2R
(1'1.:1"-‘21)' L riiai

Addition of the quantity(7 dP/dt) to both sides of (III-21) givess

(p - __% df
Yty dt

ar . %

(I11-22) a2t 7

4
% dt

where o
P =P-K, the 'pressure differential across the piston
Further , the time rate of change of the volume on the high pressure side

of the cylinder is .

dy;

- d
(111-23) 7 A7 (X, X, )

where ‘
.XO is the cylinder displacement relative to structure
Xp is the piston displacement relative to structure (non-rigid piston)
A 1is tﬁe cyﬁn@or area ‘
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By substituting the values of dR/dt and d7/dt from (III-22) and (III~23) dnto

(I1I-20):

| _ . a 7% )__
(111-24) Q —AAdt (X X;o) N()/( Yz dt

or
7' dp
(III- +
(I11-25) Q= A— (Xo x,,) N dt
whére
= B2 o effective oil volume

LA A
It should be pointed out that this analysis is strictly applicable only

when 7= %, or when the ports are blocked, since these are the only conditions
where db,’/d‘t=-d25/d ? o However, the equation will represent an excellent
approximation for any valve and cylinde'r"where the flow through the valve p<'>rts,
due to compressibility is negligible, i.e. » for any system where the valve
decouples the effects of flow 'in the lines from flow into and out of the cylin-
der,

(III-25) is written in terms of total quantities » i.e., operating point
values plus perturbations, The similar relation in terms of perturbed quanti-
ties is of the fom:

| ’ ' . *
(I1-26) g = 24l z0) (7”0 57') dp +‘A§‘7>jf av’

dt A N dt
: /7 ¥ ‘ »
vhere g , X, , Xp, 5, , and A7 are perturbations, and 7 and (dR /dt)
are values at the operating point.

The nonlinear term (A ny)/d,q /dt) is of higher order and may be ignored
in a linear analysis. It is further assumed that (P /d i)"F is relatively small

* The physical representation of a column of oil as a spritig also involves
this same effective oil volume,

III-14 | CONFIDENTIAL
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enough so that ‘the term(I/NNd£/d¢)* A7’ can be neglected. With these sim-

plifications, the flow equation in perturbed quantities becomes:

.- N - ,* .
() ¢ - A d(x.-%p) ¥ dp

dt N dt
or, by designating & as the derivative operator, (d /dt) .
77"
(I11-28) g = AS(‘/!O - ?(p) 4 7\/— S 2z

To facilitate combining the flow and force equations, it is helpful to
* r*
rewrite the coefficient 7 /N in a more usable form, Since 7~ is a volume,
r¥

and NV a bulk modulus, it may readily be verified that the quantity? /M has
the dimensions of an area squared over lb/in., that is, of an area squared over
a linear spring constant, The relevant area in this case is the net piston
area, A . If the equivalent spring constant is represented by the symbol 4, ,
(III-28) may then be rewritten as:

2

A
(111-29) 2 = As(x, - xp) + Tos'q
. 2
AN
where ko =" 7*

Thus the effect of compressibility of the oil appears as an equivalent spring
rate,

By eliminating the perturbed flow g from (III-12) and (III-29) there
results:

_ A’
(111-30) C.€E = Ag(xo- 7(,,) + [—7{:5 + C,,] oA
This equation and the definition of the valve error, (III-1), are the basic
relationships employed in the analygis which follows,
For the sake of simplicity, the preceding derivation of flow relationships

has been limited in such a way that it rigorously applies only to an actuator
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with a symmetrical, closed center valve, with ;qual volumes on eacl side of the. |
cylinder, and with equal net areds on each side of the piston which operates
through small displacements. The a.nalys:.s is relatively insensitive to deviations
from these conditions, however; and it scope of applicability is qulte wide.,

It should be mentioned that there are systems for which the analysis as
presented here is not a sufficiently accurate description to permit useful appli-
.cation, The following are examples of conditions under which this stétemeﬁt
may be true.' If the valve is definitely an open center type s it is possible to
have interaction between the actuator, and the tubing and pressure regulators
of the supply system. Even if this interaction is taken into consideration for
an open center valve, the analysis as given may lead to insufficiently accurate
results because of the pronounced effect of neutral leakage. Space considerations
sometimes demand that the piston have no blind rod or that the volumes on each
side of the piston be markedly different for other reasons, There are some
hydraul:.c fluids in use which display a constancy of bulk modulus only at fairly
high pressures. The higher operating pressures can be obtained by purposely
designing the valve to be asymmetrical. It is also possible to compensate for
unequal net areas on the two sides of the piston or for preload (paired actuators)
by designing the valve to be asymmetrical. In the case of unequal volumes.on
either side of the piston, this cannot be done, however, With any of the devi-:
ations from complete synmétr:,r mentioneci, non~linear beha.vior’lis accentuatéd;‘
this leads to chopped and offset waves in the frequency response. In almost any
case, it is possible to extract a linearized solution which predicté critical
frequencies a.nd stability, usmg in general a complete double set of parameters
Co, Cgy /\:, A This section has provided the initial basis for such a gener—
alized development; however, it has not been carried throﬁgh because of the
specialized nature of its applic#tion.' The analysis as presented is adéqugte

for most design,
III=16 -~ CONFIDENTIAL
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SECTION 3 - FORCE AND LINKAGE EQUATIONS OF THE ACTUATOR

(a) DISTRIBUTION OF PARAMETERS . .

In the development of the aétuator analysis, it is convenient to regard
the hydraulic servo actuator as being terminated by two linear springs, A; and
kc, « Linear motions of the ends of these springs represent inputs to the servo,
Similarly, forces collinear with these motions are inputs, However, there must
be an over-all dynamic balance of the forces acting on the system, so that one
of them is not independent, and the 1inea;ized servo behavior may be described
in terms of only thre; variables, One of the three variables must be a force,
or convertible to a force. With these remarks in mind, the force and linkage
relationships of the servo are assumed to be those implied by the schematic in

Figure III-5, A comparison with Figure III-1 is suggested.

g o w
F ky M | B
I Me L__-_‘Ij_‘E
y i\
A

m :

P
Figure III-5, Identification of Lumped Parameters
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The vertical rod of length /77 is assumed to be rigids The mass M , at
the free end of the vertical rod, is a lumped equivalent of the mass of this
rod, of the slide valve, of part of the piston rod, and ""Sf"pa‘rt of the cable or

pushrod between the controlling element and the actuator, BL is a viscous damp-

ing coefficient; it fepresents the effect of the damping in that part of the

gystem associated with M; , die to velocity relative to the fixed structure.
‘The magnitude /7 does not enter explicitly into ‘thé actuator equations;
hence the radii from the fixed point of the verti¢al rod to the pivot points of
actuator and valve are designated as the products of m by.the dimensionless
ratios 4 and g . The small error introduced by the fact “that the motions of
these pivo‘l?‘ points are angular rather than linear is neglected.
B, is a damping coefficient representing the effect of relative velocity

between valve slide and cylinder, /% is the ‘eq_ﬁivaient mass of the piston, and |

.Mc the equivalent cylinder mass. Bc' is a damping coefficient fepresenting the

effect of relative velocity between piston and cyli‘nde_r. ‘ _

A force Ap, on the piston and cylinder acts as shown in the diagram.

As a matter of terminology, points at which displacements such as x; and
Xg are measured will bé called "nodes.," The appropriateness of this terminol-
ogy may be better appreciatgd after considering the mechanical network diaérame,
or "nodal diagrams," used later in this chépﬁer -and throughout the remeinder of
the irolume. For a more complete discussion of such diagrams, M., F. Gardner and

J. L. Barnes, Transients in Linear Systems (John Wiley & -Sons, N.Y., 1942), may

be consulted.

The nodes X; and xg; may be chosen 80 as to facilitate arixalysis of a larger
system of which the servo actuator is only a parts It is to be noted that the
selection of these nodes determlines what are to be considered the coupling
springs A; and k'é + If numerical results of the hydra.ulic servo analysis are
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to be supplied to another group, to be used in further, more comprehensive ana~
lyses, these nodes and consequently the springs should be definitely identified
in the physical system; doing this imposes no restriction on the way in which
adjacent sub-systems are analyzed. If, on the other hand, a wholly literal analy-
sis of a more comprehensive system is to be performed, X; and X, may wéll be
chosen at the terminal nodes of adjacent sub-systems.

In general, it will be necessary to increase the values of the quantities
My , B; , and M, indicated in the preceding discussion to take into account
distributéd masses and dampings in coupling members.

The forces F¢ and F; each arise from inertias, dampings, and gpplied

external forces associated with one or more degrees of freedom of an adjacent

.system,

(b) FORCE AND LINKAGE EQUATIONS
The equations of the force system of Figure III-5 are obtained by writing

. out the expressions for force and moment balances in a straightforward way;

only the results are given here:

(II1-31) A +hx, = kX
(111-32) £ + k: %, =k x;

(I11-33) (M. s"+ B.s + /(,)xo.—Bcs%P—(B,,s +h)E - Ap = Kk x4
(III-BA) M,s*+ B.s + ko) Xp = B.S %o = ko bx, + Aj = O

(111-35) (M °* Bs + k; + b’A«,) ﬁm-bk,xp + @(B,s *+ kg )E = k;=x;

(I11-36) x, = a=x,

‘ CONFIDENTIAL ' 11I-19
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SECTION 4 -ACOMBINATION OF FLOW, FORCE, AND LINKAGE E’QUATIONS‘ |

“ o

(a) SIMPLIFICATION OF THE EQUATIONS
A1l of the equations defining behavior of the hydraulic servo actuator have

now been derived: (III-1) defining the valve error, (III-30) describing flow

behavior, and (III-31) through (III-36) expressing force and linkage -relation-

ships. In all, there are eight equations with ten va;iables'/‘; sFe s Ko s Xp s

v s Xs 3 X;y B, and € . All these equations are linear with coeffi~

‘cients ‘which are algebraic functions of the derivative operator S . The over=-all

servo behavior can then be described by a single literal equation involving only
three variables., When the equations are written in determinantal form, the coef-
ficients in 9 may be manipulated in the same way as constants. However, if the
equations are treated in the present form, the geometrical factors and flow coef-
ficients make the reduction difficult. -If the equations are changed to a form
which can be eaéily‘ expressed in a nodal diagram (mechanical-network diagram),
the reduction is greatly facilitated.

An important simplification in the force and linkage'equations (III-31)
through (III-36) can be effected by relating the effects of masses, damperé » and
springs acting at a radius o< , to those o;‘ equivalent quantiisies acting at |
some other radius ## ; for example, the equivalent mass, M’, acting -at a radius
[Bm is equivalent to the original mass, M , at a radius o(m'multip}ied by
«2//92 5 dees, M'= M(: Qz/ﬂz). This simplification also applies to 1;he B )s‘ and
A's , On the other hand, the displacement %’ at a radius ,gm equivalent to 2
at <m is Bafec . A

The force and linkage equations (III-31) througl'; (111-36) may then be sim-

plified by the substitutions:

Xmr = b?(,,, ’ Aep = b?(“ ‘
- M B; K
M = ?;' ’ B = ‘Z% ’ kip E= _z%
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Also, the node x, is easily eliminated by combining Equations (1I11~1) and

(I11-36). With these simplifications the set of equations (IIT-31) through

(111-36) take the simpler forms:

(I11-37) £ * k&, = KX

A
(I11-38) F * kip X = Kip Xip : - : ' : o

(T11-39)  (M.s® * Bs+ A)x, -Bsxy—(Bys +k)E - Ap, = k.xy
P (] ( c e

(I11-40)  (Mps®* Bs * kp)a, ~ B.ox, = kp2,. + Ap, = O
(III-41) (’Vt/' s’ Bips t kir-* kP)xmr ~hpXn * %(qu * *e)e = Kip %ip
(111-42) € '-% Zmp = %o

The flow equation (III-30) may be rewritten as:

2

A0k (£

(1I-43)  Ap, = — [(L),+k]

It may be readily checked that ACe / C,. has the dimensions of a spring constant

: ) . :
(1b/in.) and that A /Cp has those of a viscous damping coefficient., These
equivalent parameters of a force system are designated in the following as k,
and B, ', respectively, Equation (III-hB) then becomes: '

(III-44) (B,—s * k )(—&)-f B,s(x, x,) ke & = O

here |
3
ke = ASG = ASE

CONFIDENTIAL III-2
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The nature of the "flow damping" B, can be seen by rotating Figure III-h,a
through 90° clockwise. The "flow spring constant® A,  is the slope gf the cross-
plot shown in Figure III-6,

R}
P.= (Pf —P} ) ~- Q=0 /" ‘Q=Constant - -
3 E—
B=—(Pp —Pg )
l' : — Region of Open Center
- "~ Type Operation

' Figure III-6. Variation of Pressure Differential Across the Piston
' _ with Valve Error

The definition of the pa:rameters /r and 5, ’ expressing flow relation-
ships, implies the presence of a physical]y important node associated with them.
This node is located somewhere within the body of oil-_in‘the cylinder and can
thus never be experimentally observed, but it is important in speeding the reduc-

tion of the actuator equations, The node X, is defined by the relationship:

(III-45) =, = ’2”‘ + x,

(-]
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With the introduction of x, , (III-44) becon;ea:
(I1I-46) (B,s + Ko)&K = Brs xp — k%, — kKE =0
The force Ap, is then given by:

(I1I-47) -~ Ap, = k(%= x,) = Brs(xp - x) + k€

%o |

—
4 B ?

xe |

Ko , o
Be (#tkf_e . \ | | |
xp.‘$ . 4 1 ' | “

-Figure III-7. Partial Nodal Diagram Expressing Flow Relationships

[

'~ The partial nodal diagram shown in Figure III-7 may be constructed from
Equation (III-46). The only node.completely described by this diagram is the
node %, This form may be used directly to express the flow behavior iri'espec-
tive of linkage configuration. It is interesting to note that if 2, 1s zero,

X, and 7z, are equivalent, The displacement x, may then be considered as the

gram is of particular use in the physical interpretation of the actuator.as a
force source driving ‘7c° through a spring 4, . All of the parameters 4 , 5, ,

" and A;- have physical valuqs vhich can be measured by test.

The incorporation of (III-46) and (III-47) into the set (III-37) through ‘/
(III-41) results in the followirigs - | i
(I1I1-48) A * A% = k. %g | i
£
b

(T11-49) t ki Rmp = K K
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(1II1-50) (Mcsz;Bcs *h Fh R, = Bos Ky = koK = (B, S+ h)E = K Ry
(1-51) | Wos'+ (87 Bl + Ko ~Asn,~Bosa - hopp t £ E = O
(111-52)  (Me.s®+ 5‘-,3'+ kir * Ko ) X = hp Py + %(Bys * he)E = Kippn
(111-53) (8.5 * ko)X, = Besmg ~ k%, =~ k& = O

Equations (III-50) through (III-53) are now all nodal in form (see Figure
III-8), and the reduction is greatly expedited. The only force sources are in

the valve error or its time derivative, where the valve error is déi‘ined;

(111-54) € - %z,,,,. + x, =O.

(b) REDUCTION OF THE EQUATIONS
The analysis presented in the following chapters depends on the reduction

of the controlling‘equations of the actuator in such a manner as to isolate four

relationships:
. /:;' = !/ (7(; s X )
Ft’ = ! z(xs ’ xi)
(I11-55) |

% = Is(é ’ 7‘3)

& = Lk, %y %)

The first three of the functional forms given above are unique. The fourth
l;orm will be determined in such manner as to facilitate physical interpretation
of the results, |

The determinant of the coefficients on the left of (III-50) through (III-54)

is:
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Solving (III-50) through (III-54) for %, and Xme s @ach in terms of X,
and x;. , and substituting in (III-48) and (III-49), )

= horg (Ba=keA,) = kip xip (k.Ag)
4,

(I11-56) 4

k",. X/ip (AA - k[,-A.u)- kc Xs (kirAls)
7 ,

. A

/.;,
IIl- —_—
(I11-57) 5

where A‘y is the (signed) minor of the element in row ¢ and column 7 of the
systen:x deteminant‘, and AA is the determinant itself. For purposes of dis-
cussion, it is convenient to havg the above equations expressed in terms of
operators which reduce to unity, or a good approximation thereof, when s
equals zero. This is accomplished by dividing nuﬁef#tor and dencminatc;r of
each equation by the product of major actuator springs K, Ap A.A:. ks » Ke
being omitted because it is small in comparisoh with 'k, . The equations may

now be rewritten:

(111-58)

;5'; 9 X " g, (@)

. 967
(m-s9) 5

where
(a )
/ / / b / / ab
ke ke ke ip ke ke K
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(B)a)

92 ) ko kP/& i
b
) ( ‘a")(AA "/‘f'/'r"a:)
B K ke ko ke
- . A/3
YT Koka
9s _ A,

Té— T k° kp kelkf k"r

9 s Gp s .93 s 9 o and g,-. é.re po;ynomipals in g, which reduce to un,ity
when § qqﬁag.s zero if the input coupling spring A, is much smaller than the
flow spring kf . ‘ _ o

One addifional operator of some use in later work may be derived f;-bm the

system determinant. Equation (III-56) may be written in the form:

ey A )
(I11-60) A = | ke = ko k;kzrk.« - Xy - .lq,- 28‘-7(;
5 —
( kt) kt)

An expression equivalent to this is

k
- 9 . 1/
(113-61) 4 = |k -(.al.:,('-.ﬁ.@_&.). ,

G
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’ where .
a
|l | b ‘I ab
— T e—t ——— = — P ———
l ke Kk ke Kk Kk
g = ' A// Kei
g kokP kirk,r

; " and gs 1is lan_ expression in § which reduces ,app;oximately to unity wh'en_ S
equals zero., The third required relationship of ‘(III-55) is derived by taking
the det;erminant of the system of equations consisting of (III=50), (II;I-5-1)'
with the node 'x,,,,_e.liminat,ed by use of (III-5h), and (III-53):

i %sl.*3;5+/r°#kc, SBcg o - _ "ko‘
| | |
,i @ - (45' * ‘:— ";-)‘  Mpst (Bt B3+ kp -8, s
-4, -85 - Bst k|

. The solution' to this system of equations is given by:

b .
(B.s* k¢)B, + (k{ 3 kP)Bﬂ + K, By 8. 1
! (111-62) =%, = ko ke 4p. B B TS

B
t o LKy Ko K )

where 'A’ is the determinant of this system and the B‘y its minors, as before.
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The fourth functional form in (III-55) remains to be determined. If (VIII-5O),
(II1-51), and (III~-53) are added, there results:

(111-63) (B3 * k )E + My s* %y, - (M s*+ k,,)/icm,. - x,) = k. xg —(M. s?* k)%,

The determinant of the system of equations (III-52), (I1I-54), and ,(III-?63) is:

%(Bi”_+ k) Mps®+ Bips * kir  he
. a ‘ .
/ | | 2 o

By soiving these three equations for £:

T4, i
| 8 " |lan,) - | M+ K)Cu=Car |, , | & | bk s

(T1I-64) € [ A ]
kP kt'r

In expanding the determinants of this chapter it is worthwhile to exploit
~ certain—generally applicable relations between the parameters. Since the equiv-
alent flow damping 8, is inversely proportional to the valve flow coefficient
Cs , which remains quite smé.ll, B, is always large in comparison with 4. , 5B,
and £, . Also, the input coupling spring 4. will always be negligible in com-
parison with the flow spring 4, .

III-30 CONFIDENTIAL




hd

Tt Sm

i R : B 4

CONFIDENTIAL Section 4

t’ B, >’v5e

ke >> k

The desired relations of (III-55) are now established.

The equations derived in this chapter are very general. In Chapter IV,

these equations are restricted by imposing the load of an aircraft control

surface on the hydr;ulic control system. Chapters V and VI consider t:wo bpeci-

fic types of hydraulic surface actuator systems.

CONFIDENTIAL
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CHAPTER IV
A GENERALIZED HYDRAULIC CONTROL SYSTEM
SECTION 1 - SIMPLIFIED CONTROL SURFACE CHARACTERISTICS

A general analysis of control surface behavior is outside the scope of this

volume, since this would require that the reader have a rather comprehensive

knowledge of aeroelasticity in order to understand the complex interaction possi-

ble between non-rigid parent and control surfaces,

. It is usually possible to represent control surface behavior fairly\accu—
rately by including with the actuator analysis a mass M, and & coefficient of
viscous damping 4B . These control surface parameters are referred to the line
of action of the actuator cylinder, The control surface, regarded as a flexible

structure, has some effective spring constant'which expresses the flexibility

between its effective mass center and the surface horn. The coupling spring ke

of the actuator analysis is conveniently taken as including this surface flexi~-
bility. The displacement x, then becomes a node at the effective mass center

of the surface, The nodal diagram is shown in Figure IV-1.

Xg " Effective Surface
Displacement

Surface-Cylinder
Coupling Spring

ke

NN/

Summation of
Surface|ly | Surface | L F T Acrodynamic
Mass -D’ Damping =/ B QD gndplmil.nl:igl‘
ou orces

Cylinder ‘
Displacement X0

77777 77T 777777777

Figure IV-1. Nodal Diagram of Control Surface
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| The .force f of Fiéure Iv-1 is a quantity which is predominantly the aero-
dynamic moment acting on the controlv surface, referred to the line of action of
the cylinder; however, this variable may also include terms expressing a coupling
between multiple modes of vibration of control and parent surfaces. The equation

corresponding to Figure IV-l is
(Iv-1) M,s" + B,s + k)xg - kax, = F

An equivalent relationship in terms of the force £, existing in the coupling

spring A, is secured by use of Equation (I1I-48).
(IV_-Z)“ (Mys® + £,5)ng + /;' = F

It must be remembered here that the spring constant A, is understood to include
surface flexibility,

SECTION 2 - A GENERALIZED HYDRAULIC CONTROL SYSTEM
It is now proposed to cénaider the system composed of the hydraulic servo
actuator of Figure III-8 and the simplified control surface of Figure IV-l. The
final equatione of Chapter IIT will be sc combined with (IV-1) and (IV-2) as to
 permit investigation of the behavior of the system as & component, and also of
the interaction t;hrough forces between the surface-actuator system and adjacent

systems. The results of the combination will be a set of five relationships:
F=2(x, , %)
f=Z(x;, F)
Iv-3) xo= Zy(%; 5 F)

%= Z,(E , F)

&= Z,(%; 5 %o 4 F)

Iv-2 ' CONFIDENTIAL
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The first relationship of (IV=3) is of use in the investigation of a gen—
eral flutter problem in which theré is interaction between the control system as
a servo and the aeroelastic behavior of control surface and parent surface., Part
II of this vdlume is concerned with the statement of the flutter problem where
there may be interaction with servos of the aircraft control chain. The rela-
tionship for £ in terms of x, and x, will be expressed in three ways, each
of which has some useful application to servo-flutter coupling interaction,

If the behavior of a system at the input end of the actuator is markedly
affected by the force exerted on it by the actuator, there is force coupling,
as well as displacement coupling, at the input end of the hydraulic controi sys-
tem. In this case it is necessary to use the second relationship of (IV-3),

The third, fourth, and fifth felationships of (IV-3) represent the behav-
ior of the hydraulic control system as a positional servo. The over-all, or
closed-loop behavior is given by x, (which for convenience of comparison with
test results is taken #s the output of the system) in 't’ems of X;, the displace-
ment input to the system, and F , the disturbing force. The fourth and fifth
expressions of (IV-3) are functional forms of greater utility in the analysis
than ¢losed-loop expressions. Isolation of the critical variable £ , which is
the valve error, gives rise to an open-loop transfer function when the disturbe
ing force F can be regarded as negligible,

The relationships of Chapter III which' can be combined with (IV-1) and
(IV-2) to determine the first three relationships of (IV-3) are (III-58),
(III-59), and (III-61)., They are repeated here for convenience:

g, Xs = G lan;)

S

(%)

(IV=) &=

CONHPINTlM . Iv-3
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\
@ - 2% a J
b .

(v-6) K = |k, -

where
i,
-/-—- = _, + _/_. + _.b_. = L L .‘9_3
ke Ke kf Kip k kf k
2 ()

and g, G » Ty s G » g, are polynomials in S , each of which reduces to unity
when S equals zero, if the input coupling spring k is much smaller than the
flow spring rate A, . By elimination of /. between (IV-2) and (IV-A),

. ]xs - ——ge(ax.z) < , )

w7 v~ :

(- F o= [(M,s'*ﬂ,s) ;

)|
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By elimination of £ between (IV-2) and (IV-6),

A, )
(kfz Je _ s laxg) B

RN

(Iv-8) F = |(Mys®+ Bys + k)~

By rearrangement of (IV-7),

[, * (M5 B,s)(Z:)]

(%

By elimination of x, between (IV-5) and (IV-9)

(IV=9) ] F =

b [/‘e (9, 93% =92 9) + (M, 5%+ B, 5)93](37%) — bg, F

[9, + (Mys*+ By s)(%:-)]

By elimination of «x, between (IV-1) and (IV-9),

Mg By +(*ﬂ'9.f_ Kei 9/) F
9‘(& = kc“’)(a"’ ke ke ) R

o e aofz]

It is of interest at this point to examine the forms assumed by (IV-9) and

(V=100 £ =

(Iv-11) x, =

. (IV~11) when s is equal to zero:

= (ax;) + £

(Iv"m) xﬂ | S= O kf
L

CONFIDENTIAL =5
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= (an;) + £

(Iv-9a) %

e ls =0
It can be seen from (IV-1la) that if the force f can be neglected, the con-
trol system is a servo with no steady-state i)osition errory i.e., it has a single
~ integration in the open-lqop transfer function, The output displacement =%,
attempts to follow the input displacement referred to the line of action of the
valve slide, With £ left undetermined, there is a position error determined by
the spring 4, from the input node x; to the output node %,. The spring A,
is the series combination of the flow spring A, and a modified input spring
k; /86 . If the power boost ratio //b. is infinite, the spring A;; becomes A, .
It is important to note that the servo action determines the steady-state behav-
ior, a.ﬁd k» and £, are not involved, Equation (IV-9a) shows that in the steady
state %,, which is the displacement of the effective mass center of the control
surface, behaves somewhat as the cylinder displacement X, , except that the
effective spring determining position error is now K. , the series combination
of 4, and k, . The position error due to a static force £ is of course
greater at %, than at x«, ., _
The fourth expression of (IV-3) is obtained by combining Equations (III-50),
(III-51) with the node x,,. eliminated by use of (III-54), (III-53), and (IV-1),
The determinant is

M.s®+Rs+ k, + k- -gs | -k | - kg
-85 -%k,, Mps'+(B+ B.)s * ko -85 | 0
-k iBs Bs + ko 0
- k. ‘ 7 0  Ms'+Bstk
-6 - '
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The solution may be written:

(IV-12) %, =

EE + RF

'l

where
: b
[(Bus' + /(e)oc“ + (kf '-';kp)ccz, + k;o:.',, ]
ke ko o K E
)2= [kf A“P‘c.]‘
LK Ko k,, K
s
Kellk, Kp K, .
% = =F Do = | ‘
[kf ko kP.kc] )

The fifth and last expression of (IV-3) is obtained by using (III-52),

(III-54), (III-63), and (IV-l)., The determinant is

a
E(B,,s + ke)

~(8,s * k)

' 2
Mps't Bs + ki,
-2
b
' 2
M, s

0

ks : 0
'(Mp”" k») = ke
o M,s"+ 4:* ke
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' The solution may be expressed in the form:

(v-13) € = %o [z, (ox;) = =, + %, F]

where
Y = — e "kP kC &[’ . o
i [/fz * a(a-b)ke] Do -
ke - ala-b)
¢ kp ke [kir + "Lb_z'— “c]
b
.5_'6”
Y. = ke de
€ [(Mc"’z * A )Gy — Ot /Q-ﬁw]
oea ] vkﬂ:.kcf/([r ' .
b
[a b] 3 i
%r = Li L kp ke
. Ner [(AJCS'* k. )Gy, -/3".7‘ ,/“"63']
v kpke Kip

O

ES

Equations (IV-12) and (IV~13) are the basis for the block diagram shown in

Figure IV-2,

The quantity F of (IV-1l), (IV-12), and (IV-13) in general includes terms

which express a coupling between multiple modes of vibration of control surface

and parent surface. If the magnitudes of these coupling terms are the same as,

w-e 0 CONPDENTIAL
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or less than, that of the true aerodynamic force, the total F composed of
aerodynamic force and coupling terms can usually be neglected without seyerely
affecting the system analysis. If the coupling terms are large, however, the
system analysis is incomplete, and the results of the actuator analysis must

be combined with a more sophisticated formulation of the characteristics of

control surface behavior. Such difficulties are often associated with uncon-

ventional control surface design, such as all-movable surfaces.

MH
.
V‘y

vy
-l

Figure IV¢2. Block Diagram of the Generalized Hydraulic Control System

If the force / is considered negligible in Figure IV-2, the open-loop

transfer function of the positional servo is given by the product of )ég, and

% . From an investigation of the frequency response of the open-loop
transfer function one can form an excellent idea of the characteristics and
limitations of various systems.

The following two chapters are concerned principally with the frequency-
response and stability of two systems. Chapter V deals with the case that the
power boost ratio (/Z is infinite and the input ratio @ is unity. Because
of the wide use of the "fully-powered" system, portions of the material of
Chapﬁers III and IV are repeated, so that Chapter V may be read with little
reference to earlier chapters. In Chapter VI analysis of th? generalized
power boost case is resumed.

CONFIDENTIAL V-9
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CHAPTER V

THE FULLY-POWERED HYDRAULIC CONTROL SYSTEM
SECTION 1 - THE GENERALIZED SYSTEM

The purpose of this chapter is to present the equations governing the
behavior of a fully-powered hydr'aulic control system and to investigate the
effects of ifs various parameters upon freciuency response and stability. The
schematic diagram is shown in Figure V-1, g.nd the corresponding nodal diagram
is shown in Figure V-2, The form of this diagram is derived from Figure III~5
by assuming the power boost ratio I/ b to be infinite and the control input
ratio @ to be unity, and by adding the simplified surface characteristics dis-
cussed in Chapter 1V.

The viscous damping coefficients 5, and B" represent respectively the
damping due to the relative velocity of the valve slide and the cylinder, and
the damping in the cable and feel device, The mass A/, is the effective mass
of the valve slide, the quadrant, and the csble. The spring constant 4, rep-
resents the effect of a springing action between the valve slide and the cylin-
der; and 4; represents the effect of the flexifaility between the valve slide
and a point of the controlling system having a displacement x, , which is the
actuating quantity'of the control syatem;

For purposes of classification in this volume, a hydraulic control system
of the general type shown in Figure III-5 is regarded as fully-powered whenever
the power boost ratio // b is infinite, Strictly speaking, however, the damp-
ing B, and the spring ke cause a deviation from fully-powered operation in
that a force muy be transmitted from the control surface back to an initially
controlling system, which may be the human pilot or an autopilét, If the behav-
ior of the pilot or autopilot is markedly affected by a force transmitted from
the control surface because the value of 5, or of A, or of both is other than

zero, there is a possibility that force coupling, in addition to displacement

CONMBDENTIAL V-1
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coupling, exists between the initially controlling system and the hydraulic con-
trol system. With the human pilot, force coupling is probably not very important;
however, with some autopilot installations, the effect might be appreciable, In
most instances it is sufficient to consider onl‘y‘displacqnent coupling, and the

following development is based on that assumption.

Xv
—
e
7k
Iy
/ v kg . xs
/ - MNT ——
j m ‘ I //// * J
A x1) NV % / LLL L, P
y ky : % - %
/ EnBlZ /
/ il S 7} .
: NN— 77 »y—]— 4
g | P " / Bc ;
/] %
g 7
4 z
- Vv
—
Xp
——
Xo
Figure V-1, Schematic Diagram of the Fully-Powered
Hydraulic Control System
The controlling equations are easily written from Figure V-1 or Figure V-2:
(v-1) [’VCSZ* (B +B)s+*k * klr, - B.57=8,3%,~Kg = A% = AR,
(=2)  (Mp5"* B *hy)me - Bosm, = ~Ap,
(v-3) M,s* + Bos+ k. )x,~ b, = F
(v-4) [M s*+(B:+ 4 )s + ket /re]xu' "B sn " kexo = K :

v-2 CONFIDENTIAL
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The flow relations governing the force differential across the piston, A P
due to the pressure differential o, , have been treated in detail in Section 2

‘of Chapter III., The equation for ApL is derived from Equation (III-BO).

A ) A?
(v-5) Ce€ = Ag(ng-xp)t n(-;s * CP)

o
where

A 1is the net area of the piston

K, 1s the spring rate due to oil compressibility

€ 1is the valve error, £ = x,- X, |
and Cg, Cp are experimentally determined coefficients of the net flow from
valve to cylinder as a function of valve erfor £ and the pressure differential
' across the operating ports, that i';cs , across the piston, When multiplied by

A‘/Cp , Equation (V-5) becomes

. (V=6) [(EA:-)s + ko](j'q—f:—‘) —(—Aéi)e +(§>s(7€o* %p) = 0

Using, for convenience, equivalent force parameters defined by:

AC
ke = =%
F CP

2

. A
B c

the equation (V-6) takes the form

(v-7) (85 + ko)(ip‘)a* Bea(n,-xp) ~ ke € = O

The incorporation of the valve error £ and (V-7) in the set (V-l) through
(V-4) results in:

(v-8) M.s°+ B.s + k), - Besnp ~ koxg - ko(i—p‘-) = (B,s * k)E

V=i CONFIDENTIAL
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(v=9) (Mp.g‘ t B ¢ /f,),xp ~8BSx, * Ky (’_2&) = 0
(v-100 (Bs+ /r,)("}f”‘)»« Brax, - Bosxy = Kk &

(v-12) (Mys2+ Bys + ko)xg = koo = F
(¥12)  [Mo' (B2 B)s v ket k) E + (Mt Bt k)x, = Ky

A simple and readily interpreted result is obtained by solving (V-8) through
(V-11) for x, in terms of £ and F and Equation (V-12) for £ in'terms of X,
and x, « The system determinant of the first four equations is: |

IM.s" g5+ &, ~8s | ko | ke
~Bs " Mys*Bs t ky ke 0
B:s -85 - B.s + K, 0

“k, o o 0 M,s"+B,s + K,

This set of equations 'y_iélds the following ‘expression for the cylinder displace-
ment X,
(85 + heAu v A As]E + (-4, 40 L)

(v-13) ?‘5 =

where A is the determinant shown above, The coefficients in (V=13) are poly-
nomials in the derivative operator .s,. It is convenient for diacuaiion and for
forming of Bode plots to have the numerator coefficients in such a form that
each reduces to unity, or very nearly so, whén s is set equal to zero. This

. CONMDBNTIAL V-5
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is accomplished by dividing numerator and denominator by the product of the
spring constants, A, 4, ky ks o. In symbolic form

(V-14) Xo = %E + LF

where

. | [(eu.s + kelhy , _Ag J

’é = L ke ko o Ao Ko Kp Ae

i [h]

ko ko Ac
A

ky k

¥ okpkc]

<
[
‘? [~

l__—‘l

When solved for the valve error £, (V-~12) becomes

e kixg —(Mis®+ Brs + ki )x
V=15 = ¢ { (3 ¢ [+)
(15 e M:s%+ (B * 8,)s RN

A functional form involving a unity feedback from the output X, 1is desirable

e to facilitate interpretation of the results. The coefficient of x, in (V-15)

is then taken out as a ﬁultiplying factor,

| (M;s°+ B;s + k¢)
(F6) €= txfs‘f(afa,)sm*ﬂ{“’#‘“*“ 4

If the static gain is isolated in (V-16):

R A R - - x,
s [%3' » 2 +/]
¢ K
V=6

CONFIDENTIAL
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where

s |
ki\l:ke kzs*/

k[*k&/ —-"—S’ Bg -5' /]_
k; */( kz 4 ks

% = |

(V-14) and (V-17) are readily combined into the functional block diagram shown

Te
1 .
X | M , Bs | e U €. » _& Xo
—» L g2 2h a4 , | f— T = + ’ —
ky ky j ) '

Figure V-3. Block Diagram of the Fully-Powered Hydraulic
Control System

It is now n'e‘céss‘ary to conisider the quantities involved in the expressions

for )é

eral validity as to justify basing all discussions on simplified expressions for

and ). . Certain of the relations between parameters are of such gen=

these quantities. Si’nce the equivalent flow damping 4. is inversely propor-
tional to the small valve flow coefficient (, , 8- is always large in comparison
with the other damping coefficients B . and 155. « Also, the control surface mass
M, will always be large in comparison with the cylinder mass M, and also with
the piston mass M. The input coupling spring 4. will always be insignificant
in comparison with £, . |

CONMDENTIAL V-7




4o s , )
| 8 > 4,

kf >> k&

My, >> M,
My >> M,
If the simplifications indicated by these relations are made, the expressions

for ¥ and 7= become less complex.

The numerator of )g is

| (B,s + k. )A As, My » Bs |
V-18 [ e ez u =~ 35?5 s+ /]

HMJ’ E L84, B M, /reﬁ,%]ss,[égf(_f L)

P kehks " Rk A;-A;,k,, ke bk |
DB (B kb, L), } O
*p Keky ho Ke K¢ /'o /‘P

‘I The numerator of Y% 4is:
!

R

’ . LAy
9 2 [k /rp/rf]

8 ot )

/\\}
e’
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@\) The denominator of both ), and ) 1is:
3

(v-20) [__.A___] ~ égs.{Wc MM]S,*[B,MM + BM,(M+M,)

kekyhokal — k- ULk hn 4. ky ko A,

R MMpﬁé]s:+[MpA/,(/

/V‘.IV,(/ ’ /)+ Bc Bs(Mc*'V))]sA
- G ko ke |

7‘:; -'.— ko kﬁkC'

B, L), Moy, Held] s
k kel Boks Bk

i aca,(_/. L)] [_Az & (_/ /. L)] }
+l}/’(k,*k,*/@)+.k, P | MM VIR Ay L

f ) To sketch out the frequency response of the fully-powered system, approxi-
- mate factors of the polynomials in Equations (V-18), (V-19), and (V-20) must be
determined. These factorizatione are obtained by taking into account relative
magnitudes of parameters which are typical of practice.

An important parameter.of the system is the surface mass A4, ., To a large
extent, general design considerations make it necessary that A/ be fairly large.
The cylinder mass A4 and the piston mass M,, are always quite small in compari=
son with M4 ; in addition, M, is several times as large as % . The piston
spring /r, and the flow spring /r, are each several times as large as the oil
spring A, . The surface coupling spring A. is typicaliy somewhat larger than
4, but still much smaller than 4, and 4, , The cylinder damping B, , the
surface damping 5, , the valve damping &, , and the input damping B; are all

limited to a low range of values, and for purposes of factorization, they may

CONFIDENTIAL V-9
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be regarded as approximately equal in magnitude. The input spring 4; is in
general the spring constant of a long, light cable, and is usually very much
smaller than &, , )(c s» ks, and A . The input coupling spring A, which can
be used is lfgmited by the force which it is desirable to impose on the pilot or
the autopilot, and may be considered to be either of the same magnitude as k;
or less in magnitude than. A; .

If B, and A are negligible, the numerator of Y , (V-18), reduces to:

(v-21) Num.)él(ﬁ 4 =0) ( +—s f/) Z ¢f f/)
v rie

the quadratic containing MP being effective only at a very high frequency., With

B, and k, large and Ap several times as large as )r, » & good approximation is

M 2, B, )( B. )
(v=22) Num.)é (/‘c s +/ P k,s +k°*/r s * /

[B,,B,(/*/)]z a;__g,_ ]“,}
ke ks ke Wtk ke ke \&,

the last quadratic being characteristically non-minimum phase.
The numerator of » (V-19), has the approximate factors

. Mo 4, B
V-2 Num, = [(+—)+][—-—’—s+—‘—-s+/

From (V-20) it is seen that the denominator of Y, and )} 4s composed of
the factor (8. /k )s = (A/C,)s (which expresses the fundamental behavior of the
control system as an integrating servo) and a sextic which consists of three quad-
ratics in M, , M, , and M, In investigating this sextic, it is worthwhile to

V=10 CONFIDENTIAL
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consider first the undamped behavior with 5. and B, each equal to zero and
with G, large, With typical magnitudes of the parameters, the approximate criti-
cal frequencies in this case are:

/M.(;f° ——y
Ko km !

ko**}’;

%_/W

Typically, w), €W, <&} Inclusion of the da:ﬁping terms results in only minor

(Iv-24) kc

modifications to these natural frequencies, From (V-21), (V-22), (V-23), and
{V-24), it is seen that only a small amount of damping suffices to cause the
effective cmcqllafion of Mp qu,a.drati(:s in the numerator and denominator of

Yg and Xz . An approximate ‘oxprossion for the cylinder displacement can then

| be ‘ur:ltt.oml
(j‘ /)(a, P ”)5 *E/(% )
A (,ifh /Xdi% +/)
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The frequencies and coefficients of the m:l,ddlé terms of the quadratics in (V-25)

are approximately as follows:

k
W, = R
- I 1 28 M, 5 (/ /.'/)
“ /M_/*L,‘_/_) R A S VA A
Nk ke ke | .
Wa = ...ki Zé B‘ )
’ M, @y Ko
e + foks | 24, B
a) &*kp “)4 k. * kP*C’ ‘
¢ M ° ket ke
7 /.1 Wy heths ke ke Nk K
ﬂ,@-k *T :
o P
Wp /

SECTION 2 - THE SYSTEM WITHOUT INPUT COUPLING
If the damping 8, and the spring Kk, 1in Figure V-1 have an appreciable
magnitude, they effect a force coupling at the input, Section 3 of this chapter

V=12 ) ~ CONFIDENTIAL

e




&

3 h g

il
-

2!
b
4
|
!
I
¥
¢
x
i )
1 (
i

R N - "

CONMDINTIAL Section 2

discusses how these quantities can be used to stabilize the servo. If, however,
these parameters are not deliberately augmented in design, their effect on sta=
bility is negligible, and the system where 5, aﬁd ke are effectively zero may
be considered a basic case, Then ):’_ reduces to unity, and the block diagram

. takes the form shown in Figure Vi,

.'IF .
g Ky '

Figire V-4, The Fully-Powersd System without Input Coupling

Ti;'u effect of airload is always in the direction of grsater stability and
is almost always small. Moreover, it is nscessary to design a system which is
satisfactory on the ground or at low airspsed. The force / can therefore be
neglected, An open-loop transfer function can then be written with the approxi-
mate factorisations of the preceding section:

- [N

(V26) %, 7
i o _{’i;.*.g!‘»'{.,%f-z-&,*/)
B0  WJ\& @& oy o)
Kg* O

g
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vwhere
K
= _.E
) 5
. )
W = / // /
5 % %)
_ [ Ae
Ws = M,
k. + Kohe
o, =) —t 2 ho
* M,

A typical frequency response corresponding to (II-26) is shown in Figure V-5,
Inspection of (V-26) and Figure V-5 brings out several important facts,

The only effective damping in the quadratic containing M. is due to 4 , the

damping coefficient pertaining to the relative motion of piston and cylinder.

The damping ratio ]4 is not large, and there is a fairly sharp peak at (.)4 on

the 'Bode plot.

there is no danger of instability due to this peak. The damping ratio, !, R
will never be large enough to cause a large phase lag in the vicinity of 4.)2
and )y It is permissible, then, to disregard the quadratic in AL and write:

2
(s
z 1

(v-27) x, W

CONPFIDENTIAL
2_-{; =M5.+_€¢_+83'(._/+./_
Wz ¥ K A
24, _ 5,
@s Ao
2% &
(‘)4- + kP kc'
° kP * ke

However, since the amplitude ratio is very low .at this point,

24

25 )E‘

F0 s (_sf
8,0 W\
0

V-1,

+-2—z—zs+/)

Wy
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where the frequencies are given in (V-26), The nature of the stability problem

and the resultant limitation on performance are now evident, With &) differing
from &), , principally because the oil spring A, is small, considerable damping
£, 1s required to lower the resultant peak and thus prevent insta.biiity. The

crossover frequency ), = k,/B,'C,/A principally determines the speed of response
of the system, It is desirable to make this quantity as high as possible within

the "gain" of the system, which is obtainable in practice is almost always lim-
ited by an incipient instability due to the separation of w), from ), mentioned
above, |

The characteristic equation corresponding to the open-loop transfer function

(V-27) is
) = B,B] L, 1), Bt i
(-2 0=/ +[7c: iy *[M‘ k¢+k,) s ko

Application of the Routh criterion to this relation yields the following >

essary condition for stability:

My BB 33,(/ / /) (/ /)
V= —'*-—t'f—L—-*—f— >M—+9—
=2 X hk Tk P ’

A stable control system is not necessarily a satisfactory systems The over-
shoots in transient response may be too 1arge or the time of response too lmq N v=
to meet operating requirements, This is, howenr, too mch & matter of

vidual design to permit a generaliszation here,

CONFIDENTIAL
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Figure V=5, Open=Loop Transfer Function Without Input Coupling
and With No Appreciable Airload
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~ _If the damping ratio {, in (V-27) is sufficiently large, instability
caused by the separation of 4), from &)y will not occur, The individual “terxlna
of 2;3,/4), thus become of definite interest in‘design. There is some small damp-
ing because 5, is finite, The surface damping, 8y , is more effective as a sta-
bilizing parameter than the cylinder damping, §. , einée the former acts through
a weaker spring.

It is important in view of weight and space limitations that requisite sta-
bilization of the hydraulic control system be carried out with a minimum of
design complication., Even though 4 muét be increased by a large amourit if it
is to have much effect on stability, the cylinder damping is very important from
the standpoint of simplicity of design. Considerable cylinder damping is obtain-
ed in the ‘c,ourse of preventing leakage past the piston by use of O-rings.- With

piston diameter roughly established by general design considerations, 5. can be

increased by inserting additional rings or by using pairs of rings with the inter-

mediate region vented to the atmosphere. The latter technique increases the damp-
ing by‘ increasing the pressure differential across each ringe.

The surface damping B, arises from several sources, First, there is some
parasitic damping at the hinge and surface horn connections, Second, damping
devices are sometimes inserted at the hinge line, The latter method is not alto-
gether successful, since such devices usually take a heavy toll of weight and
space allotments, A third sourcé of surface damping is aerodynamic., With a fair
degree of accuracy, the aerodynamic force acting on the control surface of an
airplane in flight ( £ in Figure V-3 or Figure V-,) can be represented as the
parallel combination of & spring and ‘a damper. 'The effect of the airload spring
on control system behavior is not great, and no account of this parameter has

been taken so far in the analysis. However, the asrodynamic damping is simulated

CONPFDENTIAL v-17
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as a part of'Bg‘ s the surface damping. This portion of 5; can be of appreciable
magnitude, but it cannot be regarded as available for use in stabilizing the sys-
tem, since the servo must be satisfactory on the ground.

It is appropriate at this point to discuss briefly the effect on servo
behavior of the springing action of the airload on the control surface., The

force /' of Pigure V-4 is assumed to take the form:

Ae ks>
(kc * Kg %o

(v=30) =F = kgxg = M, ) .
( £ sz + 'S’ s + ,) A
Ko * ke kot Ky

The open-~loop transfer is then approximately given by

(v-31) %o M"sz + -513 s K *ks]é: + {[—b&'(-’-+-{-+ /—)}53

My , B4 55(/ / /) k,BcB(/ /)] e
i 4 Sy ST e
+-&f + + + v k‘ko‘ kc-}-kp s

G £&(L, L, 1, _;;_}

If the airload spring A, is included, the fundamental character of the
‘servo is disturbed to some extent, as is indicated by the last term in the demon-
inator of (V=23), However , this additional term has little effect on servo behav-
ior because a typical flow spring constant, 4, , is from 100 to 1000 times as

V-18 - CONFIDENTIAL
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large as a typical airload spring constant, Kk, « For all practical purposes,
the extra term may be omitted. The frequency response then assumes the form:

| («.)’ _i */)8
(v-32) %o f::g = _5_(%_, _:_)'fig + /)
‘'where
J (gxkc*:ks>[/ . ks(i*f*f)]
p K

B, 8, g1, 1] ) kb1, 1)
Z—gg,‘ l-Bf + % *Qk,*kp*/\", e kc*'ky

X (Z. L. 7]
|- /fk’ kc*/fpf/fe

o = — 7 L Ay

2 = M(-L-f—/-VL) M’
Nk, kp ke

T

D7 A * Ay

. A * A5

“» V%
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If a system with the airload spring is compared, on the basis of the same
open-loop gain, with a system where this spring is negligible, the following
remarks regarding the effect of A, may be made, The damping ratios of both
numerator and denominator quadratics are virtually unchanged. The frequencies
@), and &J); are increased, but their difference, Wy — &p , is slightly decreased,
There is then a slight stabilizing effect due to the airload spﬁng, and thus
calculations which ignore the airload spring are somewhat conservative as far
as stability is concerned. A further justification for omitting the airload
spr:i.ng in analysis is that it becomes weak at low airspeeds.

The steady-state servo response, including Ay , is given by
Ke - K
(V-33) % = n( e ’)
£

Since kg 1is normally much smaller than 4, , the position error is small,

The .hydraulic control system must ultim,a;cely be considered as a component
of a larger system including the airframe, In typical practice the hydraulie
control component is coupled to the more comprehensive system only at very low
frequencies, It is then possible to view in isolation the question of stability
of the hydraulic control system, If the hydraulic control system itself is sta~
ble, its behavior as a component of the larger system can usually be ai.npl'iﬁod..

If the numerator and denominator quadratics are deleted from (V-27), the
open~loop characteristic is that of a perfect :I.ntip&ting servos

. KooK S
(¥-34) £ B, As

The closed=loop behavior is then

/ /
('.35) .z_o = =
% .B_’g +/ i s */
/] Ce
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For purposes of illustration,the values of the time constant (B;//(,)'(A /x) may
be considered as extending from ,05 to 4025, with the latter value runiing into
a range where it is sometimes difficult to stabilize the system,

-SECTION 3 ~ THE EFFECT OF INPUT COUPLING

The stabiliring means considered in Secticn 2 are rather limited in sffsc-
tiveness, If the hydraulic coptml. system mist be very fast, more effective
means of stabilization are desirable., The additional means considered in this
volume use the combination of a force and a relatively weak spring to secure
compensating displacements at some point of the stteu. There are, of course,
numerous variations possible in physical application of this idea, The mé.toﬂa.l
presented in Section 1 facilitates diseuesion of some of these possibilities,

Consider now a case where the valve damping Q,. or the input coupling spri.ng
k

€
a system with a high gain valve, The block diagram in Pigure V-3 then applies,

» or both,and also the input damping 5, are augmented by physical changes in

With £ set equal to sero, the operator Y; is written from (V-25):

+—’- +/ _-_z,,/)
(o' &5

(V=36) b/
e (o. o. *’Xo'* ) ’)
where
"
Wp = ! 7 E—‘!‘-M-!-f&_q-gc._/,._/_,_i
M,(T’;’;*/_) 5 &k (k, A kc)

CONFIDENTIAL V-2
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(.)’ - /—,g'— | .z_.'g! - g!-
Ms _ ").! ‘rc
v fo ko 28, _ B
9 kot Ky W, P ko Ko
4. % o /(P + k
o= k. ] zx,= 8 _ 8, _ :5(’ /)W_
Y A Wy  hotky ke ke Vky ky
(e ko A’p

The frequency «); of the typically non-minimum phase quadratic in the numerw
ator drops sharply with an increase in valve damping B, ; however, the decrease
is offset by a high gain k, /B, . This quadratic can fall inside the denominator
frequency (.)4 , but it is improbable that it should ever reach the neighborhood
of &)y and &y With .Z, characteristically a small negative damping, there is
little phase lag at important frequencies, The quantity Ye. can then be assumed
to have the same form as (V=27) of Section 2:

: s
(=30 %o|rapo 'i'(_s_‘., 2k, _ ,,)
ol “): t

Interest now centers on the modifying term );q ; see (V~17)s

ke [f‘,*%’*i'

(1-30) Yy = ()
¥ k‘*k‘ M 5'+.b:.‘;_t._.‘8":3+[

‘:**& k"*k‘
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The spring constant 4, usually exprusoa the flexibility of a long, light
cable, and is generally fairly small. The inwt mass A 18 kept low by weight
considerstions, and is normally of about the same magnitude as MP , the piston
mass. If the product A; M; is sufficlently small, the quadratics of (V-38) can
be split into first order factors by increasing 5; and 4§,. In this case, an
equaliger might take the form:

k‘-) [Fs”] | k
kcf/\'e B*BU +/]
R

(v-39) Y%g = (

Equation (V-39) suggests several possibilitiea, which will be briefly
sketched in the following paragraphs.
If B; and A, are small, and B, /kz is large,
(i) Y% m
7o o]

s +/
¢

In this case, valve damping combines with a weak input spring to form a lag
factor in the open~loop. response, U
If k. is small, and 5, /k,: is large, and 5; is fairly large, .

(V=41) %eq = Ta. — -
% [B‘+B,,s+,]

CONFIDENTIAL v-28
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The modifying factor in thies equation is a lag-lead. The lead would probably be . )
too high to affect stability, but the introduction of 5; makes a lag at low
frequency more easily realizable,

If 5, is emall and 5; /k; and KA, are large,

k.
(V-42) % z( A ) - A
- T \kerhe ) [ B s'+/] ’
] €

A lead-lag modifier can be realized if the gain of the valve is increased to
compensate for the decrease in gain in the equalizer.

The spring constant &; is to some. extent a fixed factor in design; how=
ever, it varies considerably between control systems in different aircraft and .
also between the several control chanriels in the same aircraft. If modifying (,_>
devices of the types discussed above are used for stabilization, they must be
"tailor-made" for the specific installation., This is not too serious a drawback,
because aircraft control systems in general do not permit much stmdardiéation.

The effect of a lag stabilizer on an unstable system is shown in Figure

V=6, and the effect of the lead-lag equalizer is shown in Figure V-7,

V=2}, CONFIDENTIAL
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Fully}-Powersd System
Withohit Valive Damping e
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Figure V-6, The Effect of Valve Damping on Fully-Powered System
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Pigure V-7, Lead-lag Modification of the Fully-Powered System
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CHAPTER VI

THE POWER BOOST HYDRAULIC CONTROL SYSTEM . :.

The material of this chapter is a continuation of Chapter IV. It is prima~-
rily concerned with the evaluation and the approximate factorizaticn for the
power boost case of the expressions occurring in Equations (IV-12) and (IV-13),

which are repeated here for convenience:

(Vi-1) %= LE + LF

(1-2) &= %o [%, )= %, + % F]

The corresponding block diagram is shown in Figure IV-2.

In Chapter V, it has been shown that the effects of the force F are always
stabilizing and usually small in the fully-powered case if the behavior of the
control surface can be effectivelly'en':pres'seﬁd by 'use of the single node %,.
Moreover, it is necessary to design the control system to insure stable opera-
tion at low airs;;éédé or on the ground; An analysis of the fully-p;o;tered case
with £ taken as zero thus yields conser@#tiv‘é conclusions as to stabﬁlits; 11 |
couplirig of multiple modes of vibration of control surface and parent sv.:xrf‘écve |
is negligible, The situation in the power boost case is in general somewhat

"different., As will be shown 1atexj in the chapter, it is possible, by a suit-
able choice of the power boost ratio //b , to adjust frequencies of the‘ open-
loop transfer function );9 ). 8o as to eliminate a stability problem arising
in ground operation of the power boost system. A consequence of the pronounced
effect of the power boost ratio on stability is that the aerodynamic force F
may be either stabilizing 6r destabilizing, depending on the value of b . It

b is small, however, the conclusions of Chapter V regarding the effect of aero-
dynamic force on stability are equally valid in the power boost case, and in the

CONMDENTIAL VI-1
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following analysis it is assumed that the quantity F 1is zero,

(V1-3) %= EE

(I8 €= %y D, fane) - %]

These relationships are illustrated schematically in Figure VI-1.

axi

e

o
-

Figure VI-1, The Power Boost Hydraulic Control System
with Negligible Airload

The quantities ) , ):3 » and Y. of Figure VI-1 are obtained from the
determinants associated with (IV-12) and (IV-13). Writing of these results is
simplified by assuming relative magnitudes of parameters, as was done in Chapter

v.
., 8 > & Mo M
’ B, >><--L)Bs | Mg >> M,
_ \a- b,
ke >> &
VI-2
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=2 5y J2
ke o e My >> Mp :
Mep Mp a
—_— ) L L3> —
/f",. > kf M.f‘ b ’Vc |
ko Mip My >> 5,5 My -
| i
The numerator of )2 takes the form:
M , 8 Mpl,+,[B, 8 8, M
(vi-5) Mu ‘z(—i‘+ { d & B + VP
- e Wbl Rk T ke

| (2)a 5
/( Qfﬁ’fp] 5’.@‘(.’.;- _’-)+ Mr , Ke B 5¢ AL i ot
k, K, Kp Ko kokehyp Ke Ko

(b

28

e ) B
k| ko kRl ke

The denominator of )’ becomes:

2 [l s

ks Ko ko Ka B, kp ke

(;%)[B.%MP* B (M. + MP)M,] }3‘* {(a—?Z)MpM (;?‘;)MM, .

+
Ko kn ke

(Yl-é) Dcny& =~

! PR 4, ko

+1(;%)3cﬂi(""c*MP) ) (gf—[’)(,wc + MP)M,};'#- {(:_"_Z)&M*B‘M)) A

(a b)MM” (a b)M”M' B"M'*(a b)B"Mc (a )B (M"*%)} s
B, k, Bk | ke ok J°
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A ko k1T kL kp A,

o

(ai-E)Ms' B (_a_b) (aé-lb)+ 1

+ + =< + -
A I
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In a typical system the piston mass Mp is small, and the piston spring kP-'

is several times larger than either the oil spring /(o or the cylinder-surface
coupling spring kc, + Numerator and denominator of ); then each have a quad-
rati¢ factor at the approximate high frequency# kp ; MP + With these quadratics

effectively cancelling out, a good approximate factorization of 72 is:

2 2
(5—,+2—Zis+z)(5— 25, )
(VI-7) y ~ 9 & 7 &)7

€ sfs? 24, X 9 )
a),(a)f+ s+l t.):+ 0, st/

where
[ a
(a—b)kf
(ﬂ)’ - Bf
- ’ s )
@ (a) (a) 212=a-bM“’+i
a"'b a'b _/_ ‘l)z Bf ko
My K, Kp ’ o
25 (5)
a-b b /
i PR
0. = [k 28, _ b
g My @y Ke
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G ke (ﬂ)“okp ) 25 £

g @y 2
(ko + hp) (a~ b)kpk”
@y V) K p
° 5
| = % L b Al () ]
ﬁ Q%’ (éJtl' ) kf 5} + a + ke A;+ kp t;(kb+k}
/ / a

It should be notsd that the expression (VI-7) for Ye is identical in form
with the expression for the fully-powered case, (V-25), with F=O, If the power
boost ratio // b 1is less than infinite, there is a slight increase in the éain
@), and a reduction of the frequencies &), , &) , and «),, From an examinatién,

— on the basis of typical parameters » of the frequencies (e) and (.)7 s it can be

C stated that the qua.dratic contai.ning M can be neglected because it lies a.t
very high frequency; if the power boost ratio is high, i.e., if the system
approaches a fully-powered system, the quadratic at &J); is out of the range 'of
interest, The transfer function Y may then be rewritten in the fairly simple

e
form:

. __+__z )
. (4.), s *+/
(V1-8) )ézs st 2
- —(2+——Ls+/)

W\, @

where the frequencies and the middle terms of the quadratics are as given in
(VI-7)0
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The gffgcts of the small masses M. and M, on the quantities )ég and ),

can bé éntirely neglected, and these transfer func*bions-become:

[ ko ][(Ms e B M . 5 /r +abk) abk,_.]
, §+—g+/|—3 f-
T Ay e T

LN )[ M - Bua(a -5)8,,
ALY ey *k ra@tk, ” ’J

My e, B )
—Zs5 ¢+
(/(d K

yis’ + B’&' + /)(A/"‘sl +—§f:.5 * ket abkc)_ aikc

A 7‘: k_:.. kl.. kc’

(VI-10) . % = (

The latter quantity is, of course, unimportant in a deteminatj.§n of stability.
The open-loop transfer function ofwthe positional servo is the product

7;%72; . By examining (VI-8) and (VI-9), it is seen that the control suri‘ace.l

quadratic at 4)3 cancels in the product. It. would be de‘sira.blve in orqer to

‘insure stability that the numerator of 7;% be such as to cancel the denomina~.

tor quadratic of X . The numerator of Jeg. can be factored to obtain this

cancellation if the following conditions are met:

b + abke o ke
M, By
8 —=0
(VI-11)
§—=0
ke (&, + k)
bla-p) = o "2/
’ %o ko

. The determination of b in accordance with the last condition may be in
conflict with other considerations of control syétem design. For a particular

aircraft, the force to which the pilot or autopilot is thus subjected may be
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too large or too small for proper operation, >

If the conditions of (VI-1l) are satisfied, the block diagram of the servo
is as shown in Figure VI-2,

a
axy + ki 2 (_Fa- )kf Xo
- ,(ki"' abkc)zt Egs Y

'y

Z,= Mys®+ Bys +(ky + abk,)

2= nis‘-f-[Bi + a(a-b)Bv]s "'[1.‘:1 + a.(a-b)kc]

Figure VI-2, Power Boost System with Power Boost Ratio
Adjusted to Stabilize the System

The valve damping £, and the coupling spring A, were shown in Chapter V'
to be of value in stabilizing the fully~powered system. In the power boost
case these effects are masked by the force feedback which arises because b is
greater than zero, It is desirable, then, to keep these parameters as small
as possible in the power boost system.

The discussions of the fully-powered system in Chapter V and the power
boost system in Chapter VI have necessarily been brief, but it is hoped that
they will have provided the reader with some insight into the behavior of

hydraulic control systems and into the problems of roconciling a rapid response

with stability,
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CHAPTER VII

SPECIAL CONSIDERATIONS IN HYDRAULIC CONTROL ,SYSTEM DESIGN AND ANALYSIS
SECTION 1 - INTRODUCTION

The purpose of this chapter is to coﬂsider~several special topics in the
design and analysis of hydraulic control systems. The material presented heré
is to be regarded as supplementary to the discussion and analysis of Chapters
III through VI.

Section 2 is concerned with forces acting between valve slidé ‘and valve
housing due to inertia of the hydraulic fluid., It is shown that the effects of
such forces are well represented by adjusted values of parameters already con-
sidered in Chapter III.

o Section 3 discusses thé‘hydraulic actuator with a three-way valve and how
it differs from the more conventional four-way arrangement. The analysis of
previous chapters is applicable with only small alterations.

Sections 4 and 5 deal briefly with additional mears for stabilizing a
hydraulic control system. The results are comparable with those of thé methods
discussed in Section 3 of Chapter V and in Chapter VI. Gain aljusﬁment through
the use of an auxiliary linkage is the subject of Section 6. In Section 7 the
recently‘developéd electrically operated transfer valves are described.

SECTION 2 - LONGITUDINAL FORCES ON CONTROL VALVE SPOOLS*
In the design of the hydraulic control valve ;;r a high performance servo

system, some knoﬁledge of the force required to operate the valve spool is

necessary. In addition to the inertial and frictional forces which can to a

#This section is largely an adaptation of Shih-Ying Lee and John T. Black-
burn, "Axial Forces on Control-Valve Pistons," Meteor Report No. 65, Dynamic
Analysis and Control Laboratory, Massachusetts Institute of Technology, Cam-
bridge, Massachusetts, June 1950,
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degree be calculated or which can be estimated on the basis of previous' design
experience, two other axial forces which are functions of flow through the valve
ejcisfc. The more easily recognizable. of these two forces is the so-called

Bernoulli (or centering) force. This force is a nearly linear function of the

volumetric flow rate through the valve. Hence for a linear flow valve, the force

is proﬁortiona.l to valve spool displacement., The force displacement gradient
is thus similar to an equivalent spring constant. The remaining force is pro-
portional to the rate of change of flow rate through the valve. This is equiva~
lént then @o an additional valve dampipg term. The total forces involved are

those accounted for earlier in Chapter III, specifically the valve damping 5,-

.and the valve spring constant ke . In general, each of these two forces can

be either positive or negative., The Bernoulli force in the usual valve design
is positive; i.e., it resists motion of the valve spool in a direction which
increases the flow rate through the valve. This gives rise to the misnomer
"centering" force,

Because these two forces are ﬁxnct:gons of the geometry of the valve spool
and sleeve configuration, the designer has sc;;xe control over these forcés. A
well-designed valve wil‘l be of such a configuration that the Bernoulli force is
minimized and the spool damping effect is positive.

Three main assumptions are made at this point:

1. The fluid is considered to be incompressible a.ndw non-viscous.,

2, The peripheral width of the orifice is assumed to be large in com-
parison with its length so that the flow can be considered two-
dimensional,

3. The flow is considered to be irrotational in the adjacent region

upstream of the orifice.

VII-2 | ~ CONFIDENTIAL
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For small valve spool displacements, the first two asswnptions are reason-
ably accurate., The third assumption is not true throughout most of the hydraulic
circuit ’but is fairly accurate in the small region ’of interest.,

Consider the figure below which shows an‘ element of a conﬁrol volume made

up of a square land valve spool and the sleeve in which it operates.

Sleeve
| (stationary)
L L L Lttt 2] L L L L Ll L

. - - : -

Figure VII-l. An Element of a Control Volume

The force existing on the valve spool is the axial comporient of the net

fat.e of efflux of momentum through the control volume boundary a-b-c-d-e-f-g-h-

' i-a, The area a-b of the vena contracta of the .jet is much smaller than the

area d-# where the fluid enters the upstream chamber A. Since the velocities.
are inversely proportional to the respective areas involved, the influx of
momentum threugh d-e is considered to be negligibly small compared to the efflux

of momentum at a-b, Therefore, the net axial force is

(VII-1) -8 * QUo cosO

where
Q 1s the total-rate of flow (in? sec.™l)
U 4is the velocity at the vena contracta (in, sec."l)
(o is the fluid density (1b, in.~% sec?)
Y
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For the configuration shown with sharp edged orifices and very.amall radial
clearance, the angle O is 69 degreqs. This value has been-determined analyti-
cally and verified experiment&lly.‘ Since 6 is always less than 9Q° for the con-

figuration shown, the force 4., of (VII-1) is always positive and tends to center

the valve spool. This ia‘ true regardless of the direction of flow, In either
case it is the configuration of the downstream chamber that determines the force,

Because it is the downstream chamber that determines the force, there exists
the possibility of shaping the downstream chamber of a port in such a way as to
produce a negative (decentering) force. If éuch a conﬁ.g"uratién is . used for one
port of a four-way valve, the negative force can be made to cancel the effect of
the posifiye force existing at the other port.

In the negative force port configuration, the axial component of the efflux
of momentum from the downstream chamber 1s made -greater than the influx. There-
fore a negative or decentéring force at one of two ports is generated, Tl}o con=-

ﬁguration of such a port is shown :I.n the figure .belov.

Sleeve

Figure VII-2, A Negative Force Port Configuration
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bucket with the sleeve relieved to form an extension of the dowrigtream chamber. }

CONRDENTIAL Section 2
In Figure VII-2, the chamber in the spool is shaped somewhat like a turbine
The force existing on the spool is

(ViI-2) E.p = QUp (cos S - cos 92) ' : ’ P

This force is negative since cos 6, i1s considerably larger than cos 6 .

e g

U

In addition, the eddy re-entering the chamber D at the angle &, further increases

the negative force, A four-way valve with force compensation is shown below. =
N wa PN VAN “

———e

,lll 1”

§_____“'—"'” - _,— 4 . | 2], _

Figure VII-3, A Four-Way Valve With Force Compensation

The total force on the valve spool (exclusive of inertial and frictional
effects) is developed in the referenced report (see footnote, page VII-1). The
total axial force is ' |

dQ

(I1-3) & =pQu *plxe~%,) 7 .
where
. i
. (240 . )
Up = — C“J ,Op cos 6 A
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tive damping coefficient in the force equation.

Section 2
and :
dQ _ ¢ . [22 dx’
dt po dt
AD is the pressure drop across the orifice
x” is the linear opening of the orifice"
v is the peripheral width of the orifice
X Cg is the orifice discharge coefficient (approx:lmately .65)
C. is the velocity coefficient (approximately .98) :
& E .
Therefore,
(VII-4) [ZC,C (cose)uAp]x + [C w J2Ap0’ L]
where /= %,-X, of the figure below.
j [\ Sleeve
L L L L L L s |
ﬂ /<< \ AR k
NS NNNSANYNNNNRNYN
Spool
. L o
x - - - —X
'xi xz
Figure VII-4., Flow Into the Annular Chamber of the Valve Spool
For the direction of flow as shown with the jet discharging into the annular
¢ chamber of the valve spool, L = X,~ %, and is positive, This results in a nega-

If the flow is reversed and is

from the annular chamber out through the orifice, the damping is positive., In a

multi-orifice valve, the positive daﬁping must be greater than the negative damp-

ing to prevent valve instability.

V1I-6
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SECTION 3 = ACTUATORS WITH THREE-WAY VALVES . -
(a) COMPARISON OF ACTUATORS WITH THREE-WAY AND WITH FOUR-WAY VALVES

In the discussion so far concerning control valves and actuators, only the

symmetrical four-way valve and balanced area actuator have been considered. The

typical configuration is repeated below,

| T.Ps iPh ?P;

/ _/ﬂ'/

o7

, | —

'||1'| l\
N

rsrssrs SO

Figure VII-5. A Four-Way Valve and Balanced Area Actuator

)

The operétion of this device has been described in more detail elsewhere
in this wolume., In general, there are two equal pressure drops at the two valve

ports; and assuming an incompressible fluid, there are two equal volumetric flow

rates into and out of the respective cylinder volumes,
(VII-5) = AR = R-R = R-K = AR
and the load induced pressure

(VII-6) P -

i

0
!

Y
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This can be illustrated by a bridge circuit shown in Figure VII-6, '

1

Ps . . N
Figure VII-6. Bridge Circuit Analagous to Hydraulic Servo of Figure VII-5. %

At this point, it appears desirable to describe another type of valve and

actuator that is somewhat simpler in operation. Because the valve is simpler in

construction, the device becomes attractive as far as design is concerned. A

typical configuration of the three-way valve and differential area actuator is ( )

shown in Figure VII-7,

/ 7
xi e T— = =
Ph |— A
— et e T:. ' Xo
O)— == < /
= o

LA

Figure VII-7. A Three-Way Valve and Differential Area Actuator (:)
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Here the actustor piston is constructed so that the areas of the two sides
of the piston head, subjected to pressure, have a ratio of two to one, To com=
pare equivalent systéms , suppose that the smaller area is equal to the area
presented by either side of an equivalent balanced area piston. This smaller
area chamber communicates directly to the high pressure supply (/A ) . For the
a;ctuator to be in a state of static eqtu;ibrium under no load conditions, the
pressure ( @ ) in the larger area chamber must be maintained at a value of

one-half the high pressure supply. Therefore, control of the actuator resolves

" itself into controlling the pressure and flow into (or out of) one chamber of

the actuator, Because of this only one controllable orifice within the valve
is required.

The actuator is operated by controlling the magnitude of a variable force
against which a constant force operates. For the configuration shown, the same
maximum force in either direction is available and is equal to the respective
maximm force attainable in either direction by an equivalent balanced ares actu-

ator,

Both types require the same amount of supply volume per cycle., However,
the differential area actuator delivers twice the volume to the return line over
a half cycle than does the balanced area actuator., Over the other half cycie, ;
the differentidl area actuator delivers zero volume,to the return line, In |
addition, the piston diameter of the differential area actuator is lar'ger than..
that of an equivalent balanced area actuator. '

In concluding the discussion of the two types of valves and actuators, it
should be pointed out that at the mid-point of the stroke, the hydraulic compli-
ances of the two types are equal, However, 1n the case of the balanced area
actﬁator, controlled by a four-way valve, the effective vspring constant of the
oil within the cylinder increases as the actuatar departs from the mid-stroke

CONMDENTIAL VII-9
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position, In the case of the differential area actuator controlled by a three-
way valve, the compliance is proportional only to. the volume of oil trapped in
the larger area chamber. Therefore, ‘the hydraulic compliance-of such a device
is minimum at one extreme of actuator stroice and maximum at the other. Also,
in the case of the three-way valve ,_actuator, since the small area side of the
actuator is directly connected to system supply pressure, pronounced variations

&

in system préssure are more apt to affect the a‘ctuator'output position, Actu-

ator output motions under load perturbations are also proportional to the actu- .

ator hydraulic compliance,
In the discussion, a two—to—one.area relationship was assumed in the case
of the differential area actuator. Because it is convenient in the design of

an actuator to incorporate O-rings for sealing means, it may not always be. fea-

sible to provide a precise two-to-one area relationship. Under such conditions,

the actuator response will not be truly sjmetrica.l about a no-load operating

point. In general, if the actual area relationship is within 10% of the ideal= .

ized two-to-one relationship, it becomes difficult to detect any asymmetry in
tﬁe actuator output,
Similar comments apply in the case of the balanced area actuator where the

areas at both sides of the piston head are not precisely equal. A typical case

is where it is not desirable to balance the areas with the actuator ‘blind shaft-

" extension.
‘A lack of ‘area balance in either type actuator causes a slight departure
fro;nA symmetrical response, The operation is similar to that which. would be
caused by a moderate load bias, which is a fairly common operating condition

for any type actuator,

ViI-10 |  CONFIDENTIAL

3

R e




O

T . 4
T g . A

CONFIDENTIAL Section 3

(b) ANALYSIS OF ACTUATORS WITH THREE-WAY CONTROL VALVES
Since the piston areas of this actuator are unbalanced, it might appear
that analysis is more difficult; however, this is not the case. For this type
of actuator, the flow is metered across two lands of the valve rather than acroas'

four lands as in the four-way transfer valve, If the port connecting the supply

pressure to the small area side of the piston is large in comparison with the

metering ports of the valve, and the supply pressure is. assumed constant, it
can be seen that the analysis of flow equations need.only be cqncerned with the
flow in and out of the large area side of the piston,since the small area side
of the piston can be assumed to do nothing more than supply a constant force,
If the large area is twice the small &ea, the expression for the load induced

pressure /7 will be:
-y p =P

For purposes of computing the oil spring the volume of oil under compression is
only the oil on the large side of the piston; therefore, the analysis should
always be carried out for a position of the cylinder where the large area side
of the piston has its greatest volume, since this will be the point where the
oil spring is the weakest, This is th§ extended position for the actuator
shown in Figure VII-"Z. With the small changes.montioned above, analysis is
then carried out by the methods of Chapter 3.

SECTION 4 - EQUALIZATION BY HYDRAULIC MEANS
Chapter III of this volume describes a typical ialve-controned servo
element, If the piston rod spring constant Ap is "very large and the piston

mass Ap is very small, (III-44) can be appro:d.matéd by:
A 5 (AP |
(VII-8) X, = —a;?f k,: +/ A,
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Assume that the complete set of performance specifications has been made
available and that the actuator size has been selected., Therefore, for a prede-
termined value of system supply pressure 42 , the piston aréé‘A has been
established, and the effective. volume of fluid under compression Zf'is app}oxi-
mately determinea. The servo designer has no control over the load induced
pressure 27 or the fluid bulk modulus NV .

Theiénly design parameters over which the servo designer has any effective
control are the slopes C} and Cp of the valve flow curves. Further, because
of the difficulty of evaluating Cp , the servo designer has only one design
parameter by which he.may optimize his design. This design parameter is Cé
which~is essentially a gain term.

Suppose then that the designer has selected a value of C%: which seems to
be satisfactory. After fabrication of a prototype, certain indications of incip-
ient instability become apparent. The designer then can reduce the value of (..
However, with the servo gain diminished, the system may not be able to satisfy
the design requirements. Another solution is to provide such devices as heavy
valve damping or a bleed across the cylinder parts, Hoﬁever these deviées afe
also performance inhibitofs and are generally unsatisfactory.

The problem now resolves itself into one of equalization, of providing
methods of utilizing elements with essentially fixed characteristics in order
to achieve a type of behavior that is in no way inherent in the valve controlled
servo element itself, ’

An equalization means which is widely used for electricél networks is the
R—C lead network, This network,which is shown in Figure VII-8,is put in sefies
with the control element and effectively modifies the signal to the control ele-
ment (in this case the servo valve)'in a parﬁicular manner, ihe result is that

the servo can operate at a higher gain in the forward loop (with a higher value

VII-12 CONFIDENTIAL
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of Ce) without resulting instability. This is due to the positive phase
shifting characteristics of the network,

The basic lead network is shown below
C

L
r TR T
el SR, eo

[ ]

Figure VII-8, Basic Lead Network

The relationship of the voltage out ¢, to the voltage in e, is

(VII-9) - % %%:_%
where
o = Rt R
Rz
T g"%é’

Such a network is of little interest to the hydraulic servo designer unless
of course the control valve happens to be positioned by some electromagnetic
device, The remaining portion of this section will discuss means by which hydrau-

lic and mechanical elements may be used to provide an equivalent effect,
One possible' way of achieving the desired equalization is shown in Figure

VII-9.

In Figure VII-9 the main valve and actuator are exactly the same as those
described in Chapter V, The auxiliary valv;, the auxiliary piston, and the float~
ing 1ink are added. All hydraulic components are located in a common housing.

COMMDENTIAL V=13
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Figure VII-9., Typical Hydraulic Actuator with Equalization

AN

Therefore the input signal X; and the actuator output position x, are

measured relative to a fixed reference. The displacements =z, of the auxiliary

piston, ‘xa of the auxiliafy valve spool, and £ of the main valvé spool are
measured relative to f.he movable actuator ‘housing. - | |
First consider the system at rgst as shown :m the figure:. ‘Suppose' a step
input x, displaces to the right péint ‘a ‘ on the .linké_gej‘.' ‘I;itia];i}? Jc,Ahen ‘,vthe
link rotates in a clockwise direction about poinf "d” as an insﬁantaneous center.
This results in a displacement X, of the auxiliazy yalve spool and a proportional
displécement € of the main valve spool. Both of these‘ valve digplaceme'nté are
towards the left. The results are that the'auxil.liary p‘i'sto'n. movés to thg right ’3
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relative to the movable housing and the main actuator moves to the right. As
the main actuator moves to reduce the error to zero, the auxiliary valve spool,
because of the linkage geometry, crosses iﬁa neutral point before the main valve
spool reaches its respective neutral position. Thus the auxiliary piston, the
auxiliary valve spool, and the main vaive spool all simultaneously are returned
to their respective neutral positions as the system error reduces to zero.

The figure below shows the link in two positions. Figure VII-10(a) shows
the angular position of the link :l_mnédiateiy following t'he introduction of a

step displacement of X; , before the actuator has changed position in response

to the signal., Figure VII-10(b) shows the link as the actuator approaches syn-

chronism with the signal. Note that in (b) the auxiliary valve spool has crossed
its neﬁtral position aﬂd that the auxiliary pis‘t.on.. ha;s reversed its direction of
motion, returning to its neutral position, The heavy arrows show the direction
of motion and velocity of the points indicated.

X1 i

/ . j
20 —| 1
A j
1 [ at t=0 A
/] ‘ . =0 A
A X A
/ —i /]
/ x4 ;
/ /
/ A
/ /7
/] A4
1v ’/
/1 —-.——.

A e % g

(a)
Figure V1I-10. Link Displacement
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From the linkage geometry it is possible to write two equations for the

link instantaneous angular position O:

Xi~ Ko~ Xy _ Xa~ Xe
4, A,

"

(VII-10) 6 =

and

(VII-11) o= K= Ko~ Xg = ,7_(d_,5_

’ll ’lt * '{3
also
(VII-12) ~—x; = 5%

Ky

LS

. F

where /\', is the auxiliary system gain, Equation (VII-12) is valid if the aux-

iliary actuator is unloaded; that is, if 4, and k. are very small.

(VII-B) X, =~ )g & & R r o

where ).

e 1s the transfer function of Chapter V..

1

The minus signs indicate that valve displacement to the left results in

actuator motion to the right. Combining (¥II-10) and (VII-12)

(ViI-14) '(2(7‘4' - Xo-%q) = 4, (7(4 + 's'kld)

from which

’zl (I; B xd)

[(J,*‘J, + "Ts]

(VII-15) o Kg ™

Equation (VII-11) may be rewritten as:

(VII-16) (7(4' ~x WAyt 4y) = (4,4 Ly Ay) %y~ 4, E

VII-16 - .- CONMDIENTIAL
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Subst.ituting (VII-15) in (VII-16) and solving for & : ‘

*

/c azj;{a)s n ,
(ViI-17) € = -(x‘--xo)[ 2 ] 2 ‘
‘ll"."!)kl~
or
€= - );g,(xi'xo)

Equation (VII-17) may be combined with (VII-13) to form the 'same type of block

diagram as that developed in Chapter V which is repeated here.

X0

Figure VII-11l, Block Diagram of Actuator With Hydraulic Equalizer

It is desirable that the equalization term );, be equivalent to that given
in (VII-9). Therefore,

(’lZ * /ZS) ] |
[ ik s t]

(VII-18) (‘.==,'T~s'+/)__|:”,li ]

«<(Ts+ /) ,c,u,L £, ,
VEPA RN

For (VII-18) to be true, the linkage equation ,£,=,(2+13 must be true; then

'll+/£2' = ’ll,
W) <=2 T Zean

The corresponding quantities of the electrical equalizer are: |

R, *+ Ry

(VIr-20) &< = R,

CONFDENTIAL ViI-17
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_ R RC

(viz-21) T = R/"" R,

Other methods for providing equalizatioh ,ca.h 'be used. For ihstance s 'é
floating valve spool which is not directly connected to the pilot's mechanical
input motion may be employed. In this case the control valve spool is notl posi~
tioned bjr the system instantaneous error but rather by some particular function
of this error. By selection of the particular function of ~tﬁe error by which
the control valve is positioned, the type of equalization is determined. This

_is by no means limited to an analogy of the electrical R-C network selected in
the foregoing. By the exercise of some ingenuity in the -'hy,dra.xlilic curcuit design,
a wide variety of equalization characteristics is made possible,

In general, the proper application of equalization téchniques will greatly
improve the stability characteristics of g given servo system throughout a criti-
cal frequency region. In many designs the normally critical design para.metefs
such as valve gain, represented by the slope of the valve flow curve, becomes
relatively less important.

In addition, because most hydraulic equalization meéns employ an internal
feedback loop around the contol valve itself, or a functional equiyalent of such
a feedback loop, the normal non-linear action of the valve becomés obscured.

This also results in the fact that the device instantly responds within itself
to the effects of load perturbations without error perturbations necessarily

resulting., Further, the steady state load error can be made zero in most designs.

SECTION 5 - EQUALIZATION BY STRUCTURAL FEEDBACK
The principal problem in hydraulic control system design is to find means

of de-emphasizing the incipient instability arising because of. the large mass
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of the control surface and the low rigidity of the oil in the cylinder. Force
feedback, operating in conjunction with a fairly weak spring, is remarkably
effective in this respect, as has been shown' in Section 3 of Chapter V and in
Chapter VI. However, the effectiveness of ‘methods discussed to this point
depends on the magnitude of flexibility in the input link (cable or pushrod),
and the design must be tailored to a given control channel. The application of
sv..zch methods often requires numerous timé-consmning tests, Merely as a matter |
of speeding design, there is some practical need for a means of force feedback
stabilization in which the dependence on input dynamics is not pronounced. In
th; following there is a brief discussion of a method which has écquind the
name "structural feedback." #

Consider the simplified system shown schematically in Figure VII-12,

—— X -
- = -

" Figure VII-12, Fully-Powsred System with Structural
- Spring and Multiplying Link

The quantities B,., A, , M; , B: , 8., and B, are considered zero for purpose

: * Rahn, J. J., and Kangas, E, W., Improvement of Power Surface Control
Systems by Structural Deflection Compensation, Buler Report No, AE-61-5-111:
Report of the Second Piloted Aircraft Flight Control System Symposium, June 2,
3, 4, and 5, 1952, ,
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of illustration. The pivot point of the input arm is in this case not considered
fixed, but as being on a "weak bracket" with spring constant 4, . At some point

of the input arm with dimensionless radius a , motion due to both the imnediaté‘

input %, and the deflection %, of the pivot point is fed to -a multiplying link.
The valve error then becomes: |

(/1-a)
C

(vir-18) € =(—ac— x[)'“+'

Xy~ Ao

It should be pointed out that derivation of this equation tacitly -assumes
that the input arm does not translate as a whole in response to locad, as is
approximately the case if the input arm is a quadrant with preloaded cable and
the bracket spring ’/"b is less than infinite., The immediate connection between.
the input system and the input arm of the actuator is now taken as a ‘pushrod,
in which case the equation (VII~18) applies.

With no aerodynamic force f , the cylinder displacement x, can be expreséed

as a function of the valve error £ .

(VII-19) =, = L E

o

o~

where, for the simplified ‘cése shown in Figure VII-12,

(&)
o

(11-20) % = 3 (s' 24, )
Tt s+
6)1 [ 4 t 4
where
K
= L
< =g
1
@, !
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A force balance on the cylinder ylelds the equation
(VII-21) A%, * ko (x,-xg) = O

The valve error is obtained as a function of %, and ax‘-/c by combining
(V1I-18), the equation about the surface node (IV-1), and the equation express—
ing the force balance on the actuator (VII-21).

) 5 = % | % () x|

where
. .
(5]

7 .
) —<
>V, |
- / k - o {
« y [_/_+ (/-—a)]
S k,_. Ck‘

The block diagram of the servo is shown in Pigure VII-13,
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Figure VII-13. Block Diagram of Fully-Fowered System with
Structural Spring and Multiplying Link

From.a comparison of )

numerator quadratic of )Q?r is the same as that of the denominator-quadratic of

and ). it is seen that if the frequency of the

7é , the control surface dynamics cancel and theppen“léop transfer function

becomes k. /B.s . The cancellation requires that. -

e k(5 |

/)
' =t — F—F —
k ke K ke k4

(VII-23)

or simplifying, and assuming k, >> Ay s

(Vviz-24) /—ac—c = //:"

The choice of @ and ¢ is restricted by the fact that the ratio a,/c"lentérs as
an initial gain, | ‘

If the multiplying link is not present, ¢ is unity, and (VII-24) becomes:

— S
- ) ————
(VII 25) Q= ,

o

-

The utilization for stabilization of structural feedback without a multiplying
link thus requires that the input X, be reversed. It is }aésumedv here that the

spring A, represents added flexibility in every case.-
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It is by no means easy to design a bracket fOr stréhgthvand flexibility at
the same time. If structural feedback is to be used for purpbsés‘of stabili-

zation, the design process may be expected to be largely cut, and try.

SECTION 6 = MECHANICAL GAIN ADJUSTMENT
A common fault found with the integral valve-cylinder actuators used as
illustrative examples earlier in this volume is the difficulty in changing gain,
since the gain is chiefly the slope of the flow curve, Figure VII-1} shows a
simple actuator where the open-loop gain is dapendént upon the mechanical advan-

tage of the linkage operating the valve,

xi
—

Figure VII-14, Simple Hydraulic Actuator
The valve error for the actuator shown in Figure VII-14 is defined as:
(VII-26) € = d(x; - %,)

If (VII-26) is written in the form presented in Chapters V and VI, the form
would be - |

(ViI-27) € = Y (% - %,)
where

e

g = d

CONFIDENTIAL ViI-23




Section 7 -+ CONFIDENTIAL

Since the transfer function 7c°/6 = 7;.‘ remains. unchanged, the block diagram.for
the system is shown in Figure VII-15.

x5, | X

i

Figure VII-15, Block Diagram of a Simple Hydraulic‘Aélif;atbr a

It can be seen from Figuré VII-15 that the factor ad directly effects the open .
loop gain of the system., A change in gain by a factor of two can be eagily real-
ized by this means, but ratios larger than two may be difficult to obtain due to
the length of the linkage arms involved.

It can be seen from Figure VII-15 that the leading effect ._of valve friction
on an inimt mechanism is reduced if & is éz_naller than one., This may be desir-

able in case an autopilot actuator is used as an iﬁput device.

SECTION 7 - ELECTRICALLY CONTROLLED TRANSFER VALVE

A type of control valve that has become widely used in recent years with
hydraulic actuators is the electrically conﬁroiled'transfer valve. It has not
as yet been used for primary surface actuators on piloted planes because of its
relative unrelia'bility' compared with manual con£rol valves., However, it is widely
used on missiles and a few gutopilot installations. It is desirable, theréfore ’
to have an analysis which will cover this type of valve,

The’ valve analysis presented in ChaLpter III assumes that two variables - £
and £ are sufficient to define the behavior of the valve. The same analysis
could be extended if a transfer function could be found between valve spool error
of the electric transfer valve and the electﬂic signal supplied to the valve,
for instance the current. However, for most valves used today, the dynamics of

VII-
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this transfer function occur at such high frequencies that the relation betwsen

valve error and current may be regarded as a constant, Figures VII-16e, b, and

(c) show the experimental flow curves for one electrically operated four-way trans-

fer valve in use today,

Flow in gm

Current to Coil in. Milliamps

(a)
06 <

—L

o 1000 2000 3000 14000
R, Pressure Differential Across Piston in psi
L ®
[2]
. R |
g 3000t .
4 2000 Q=0
a3
_ 1000 ,
-.-'].L.xpilliampa\ o14 milliamps
- <3 =2 -1 ;10001 2 3 4
2 Current to Coil in Milliamps
AL 3000
(e)

Figure ViI-16, Flow Curves for Typical Electric Transfer Valve
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It can be seen that these curves compare very closely with the curves. presented
in Figures IIILI; and III-6 of Chapter III for a manually controlled valve,
Therefore, the analysis presented in Chapter III can be used if the. .current to
the valve is substituted for valve error. The transfer function X, / { . may then

be obtained. The rest of the servo loop,exclusive of equalization,consists of

feedback potentiometer and amplifier as shown in Figure VII-17 and can therefore

be handled directly by standard servo techniques.

Amplifier . Azii::or :E.-_
K Load - !
K
Feedback N
Potentiometer

Figure VII-=17. Block Diagram for Positional Servo Using an
Electrically Operated Valve

One effect that has been neglected in this analysis is hysteresis. The

normal, manually controlled valve has a negligible hysteresis 1oop.; however,
this may not be the case for the electrically controlled valve. If the hyster-
esis loop is not negligible, the analysis is more cbmplicé.ted.* Also s if the
dynamics of the valve fall within the frequency regime of interest, the trans-
fer function =%, /[ willvhave to be broken ﬁp as previousiy mentioned and these

dynamics included,

Electrically operated valves could be built as a threefway valvey however,

analysis would still be similar,

% See Chapter VI, "Non-Linearities,” Methods of Analysis and Synthesis of
Piloted Aircraft Flight Control Systems, BuAer Report No. AE- l-h I Northrop

VII-26

Aircraft, Inc,, Hawthorne, California, 1952.
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COMPONENT DESIGN FACTORS
SECTION 1 - INTRODUCTION

It is the purpose of this chapter to summarize pertinent component design
factors and to show how the design of the control surface actuator is integrated
into the over-all design of the airplane, i.e.,, how the hydraulic actuator design
influences and is influenced by the design of other airplane components, Most
of the discussion is confined to fullyhpoweréd actuators incorporating substan-
tially closed-center valves; however, the presentation includes mention of some
of the problems associated with other types of systems. The discussion has been
kept quite general, although at several points specific magnitudes or relative
magnitudes of pafameters are quoted as being typical and/or desirable. It should
be pointed out that individual design problems may present difficulties which
are not completely covered in the sections to follow., It is hop;d that the

chapter will at least provide a starting point.

SECTION 2 - ACTUATOR SELECTION
A primary consideration in the hydraulic system design is the type of actu-
ator that will be used. The actuator may be a moving cylinder type with a sepa~
rately mounted valve or a moving piston type. Most of this volume has been con-
cerned with the moving cylindef type of actuator, with integrally mounted valve.

This combination provides inherent servo follow-up, as well as minimization of

line lags between valve and cylinder; it also results in the simplest operating
linkage and consequently little backlash in the feedback path. Disadvantages

of the combination are that the moving cylinder "sweeps out" more airframe struc-
ture than does the fixed cylinder moving piston type, and the follow-up linkage

is hot as rea&ily adjusted for necessary "fixes" in the later design phases,

CONFIDENTIAL VIII-l
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It may be desirable to‘employ two hydraulic actuators rather than a single
actuator. This is particulérly true on multi-engine airplanes where the two
actuators may be furnished hydraulic power from separate pumps on different
engines, The dual hydraulic system has obvious advantages from a vulnerability
and reliability standpoint provided, of course, that the alrcraft can still exe-
cute simple maneuvers with a single actuator operative. Another advantage of
the dual system is that the two actuators may be preloaded against one anothef,
thereby eliminating dangerous backlash under ctherwise critical surface flutter‘
conditions. The preload is accomplished by displacing the valves so that when
the confrol surface is faired, the actuator.cylinders tend to move in opposite
directions, '

Many modifications are possible in the actuator configurations., . Examples
are "gain" changers, hydraulic equalization, and complex feedback linkages.
These complications of design shéuld be used only when necessary. The prime
effort must be to keep the design as simple as possible, and yet fulfil system
performance réquirements and stay within airframe structural and space limita~

tions .

SECTION 3 -~ SYSTEM PRESSURE SELECTION

Another consideration which must be established early in the hydraulic
actuator design is the system pressure. To minimize cylinder size and weight,
it is usually desirable fo use as high a system pressure as possible, The
advantages thus gained must be balanced against the disadvantages of providing
extra engine power to drive a heavier and more costly pump. A high system pres-
sure also complicates the problem of leakage from hydraulic lines apd couplings.

At the present time most hydraulic components and hardware are qualified

for a pressure of 3000 psi, A pressure of 5000 psi is considered the optimum
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pressure for minimum size and weight of the over-all hydraulic system of a pre-
sent-day high speed aircraft, but procurement of complete sets of high=pressure
components and hardware is not currently possible., Within the next few years
higher qualification pressures will be realized as éirplane speed and hinge

moment requirements increase.

SECTION 4 - ACTUATOR-SURFACE GEOMETRY

The values of certain basic parameters are available to the designer of
hydraulie control systems prior to the establishment of the control system con-
figuration. These data are: |

1. Maximum hinge moment on surface due to air loads,

2. Surface‘deflection limits.

3. Surface rate or maximum velocity,

Assuming a certain system pressﬁre s it is easily shown that the total cylinder
oil volume must remain constant, irresp;ective of the surface horn radius (or
actuator stroke) selected, To obtain the same maximum hingé moment, the cylin-
der area must, of course, be varied; this regults in an altered compressibility
of the cylinder oil even though the uw“ro.lume remains fixed. In many cases the
dominant flexibility of the combined actuator-surface system is due to the com-
pressible oil, yet the resultant natural frequency of the surface acting through
this oil spring also remains unchanged for various horn radii when the same hinge
moment and surface deflection are reqﬁired.

Lengthening the surface horn radius has the advantages of relaxing the posi-
tioning accuracy requirements of a given hydraulic servo and of minimizing the
effects of backlash at all bearing, or attach, points., A disadvantage is that
the actuator stroke is correspondingly increased, and consequently the actuator

assembly may require a large space between extremes of its travel within the
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parent surface structure. If, further, the servo valve travel limits are kept
' fixed, in addition to hinge moment, surface deflection, and surface rate, the
hydraulic actuator gain is also increased; that is, the first order time constant
of the servo is decreased, giving rise tc a stability problem. In most instances,
space limitations severely limit actuator surface geometry, thus making many the-

oretical considerations purely academic.

SECTION 5 - VALVE DESIGN
Most present-day fully-powered actuator designs include modified "closed
center" servo valves. These valves are constructed in such a manner that a small
amount of fluid ("neutral leakage") is allowed to flow from the pressure line to
the return line through thé valve ports when the valve is in a neutral, -or cen=-

tered, position as shown in the figure below.

r/f—Supply Pressure

M\“‘“~—::>——-To Cylinder

With this arrangement, even when thé c&linder is not carrying external loads,
the pressure in the fluid on either side of the piston is very high (approxi-
mately one~half system pressure). Any air which is entrained within the fluid
has negligible effect on the compressibility of the oil., The controlled leakage
feature of the valve also produces an "oﬁen—center" servo operation over a very
small range of valve travel; in this range the pressure differential across the
cylinder piston is primarily a function of wvalve disélacement. Thus any move=-
ment of the valve will result in a pressure differential across the piston. In
most valve designs, full system pressure differential is available to the cyl-
inder when the valve has been displaced approximately 5% of its full travel.

The complete system usually is designed in such & manner that full valve travel
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corresponds to two degrees or less at the control surface. Since a pressure
differential on the order of 2% of system pressure is normally requ'ired 1o over-
come cylinder friction, it is evident that any "flat-spot" in the plot cylinder
velocity as a function of valve displacement is about 0,002 degrees. Care shoﬁld_
be taken that the neutra}. leakage flow is relatively small since there may be a
number of similar valves operating on a single hydraulic power source. The sum
of the neutral leakage flows may become excessively large for the case of wind
milling engines, at which time the hydraulic pumps are operating well below their
rated capacity,

The slope of the flow curve, i;e. flow valve displacement, is the most
important parameter of a closed center valve, since it, together with the cylin-
der area, determines the gain of the hydraulic actuator, or the time constant of
the servo system,®* A hydraulic system time constant of 0.05 seconds is usually
sufficient for present-day fighter aircraft., In the case of an open-center
valve design, the sloi:e of the flow curve does not necessarily dictate the sys-
tem time constant,

The design of the actual valve orifice depends a greeat deal upon the maxi-
mm oil flow reqﬁired, which in turn is fixed by the reqﬁired surface speed. On
many airplanes of the past, the surface speed has been fixed by a rule of thumbs
"full surface travel in one second.* In general this rule leads to surface speeds
that are much higher than necessary. The flight condition which usually dictates
the maximum surface speed is the landing condition, where the hinge moment is
low but rapid surface corrections are neéeiaary. It is worthwhile to carry out
an investigation to determine the actual maximum surface velocity to maintain

good cbﬁtml"of the airplane. One approach is to assume a two-degree—of-free~

'dom alrframe and solve for the time required to reach a given change in airplane

4

% See Chapter V,
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:
attitude as a function of surface velocity. The input is assumed to be a chopped
ramp (Figure VIII-1); i.e., the surface has a constant speed to its limiting
travel and then stays at that position. The time-velocity curve resulting from
this approach will have the form shown in Figure VIII-2,
-
;
&
3
- Q‘
/7]
ord
=)
Q
&
g .
(5}

Tine —=

Figure VIII-l. Input to Surface

Time to Reach a Given
Change in Attitude

Surface Rate —

Figure VIII-2., Response of Surface

It can be seen that beyond the dotted line of Figure VIII-2, increasing surface
speed does very little toward increasing a response of the airplane. NACA reports

have shown that satisfactory landings can be made with surface speeds as low as
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10 degrees per second if the pilot is not aware that the surface is actually
moving that slowly. Any reduction in surface velocity is reflected as a consid-
erable weight saving due to the smaller pump required to drive the hydraulic
system.

In certain vélve designs, the flow of fluid through the valve results in

pressure drops which produce forces on the valve spool., These forces normally

"~tend to return the valve to the neutral or centered position. Poorly designed

valves can give rise to erratic valve centering forces which are objectionable
t;o pilots and might cause system instability. For these reasons, attempts aré
made to minimize the effects by designing the valves in such a manner that the
fl;aw into and out of the valve is normal to the axis of the valve spool, The
flow through the valve may be broken into a series of flow patterns where at
maximum valve displacement the majority of the flow is in a region where dynamic
centering forces cannot be applied to the valve spool. With this type of désigp,
centering forces may be reduced to small values,

Valve friction, even if rather small in magnitude, is very objectionable
to a pilo:h from the standpoint of the character of the force. The coulomb fric-
tion component is constant in magnitude, but takes the sign of the spool' veloc-
ity. However, the coulomb effect upon the pilot is most pronounced during
motion reversals, while, on the other hand, valve "stiction" (or break-away
friction) appears at the stick only when motion is initiated from a rest posi-
tion. As a result, both of these valve forces feel to the pilot as though the
system has high inertia. Also s @ sluggish feel results if the viscous friction
component of the total vaive friction is too high. Maximum acceptable valve
friction is approximately 2 1lbs.; values less than this can only be obtained in
sealed valve designs by reducing "O" ring squeeze, reducing valve spool diameters,

etc. Where fluid leakage is no problem, simple lapping of the spool and s}eeve
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(or spool housing) produces reiatively ldw valve friction forces,
Adequate filters must be provided in as close proximity to the valve as

possible, Further precautionary filters may be integrated in the valve body it-

~self, The possibility that foreign materials such as filings and chips might

get into the fluid and jam the seérvo valve is a real problem, An additional
safety measure which may be incorporated is’a ‘c'lesign of the valve and sleeve
such that, rather than providing one large-area orifice, or slot, which might
easily be jammed by a particle, a series of small diameter metering holes are
uncovered in sequence by a sharp-edged valve spool land, The valve spool and -
sleeve are hardened to Rockwell C-55 to C-58., As a result, large particles can-
not enter, and the particles"which can are small enough to be sheared off by

forces developed on the spool by the pilot. Certain flight controller servos

‘can also develop enough force to provide the necessary shearing action.

It is desirable in valve design to provide a valve sleeve which floats on
"O" rings within the valve hf)using. The radial clearance between the sleeve
and the housing should be great enough that no binding of the sleeve will occur
under extreme temperature conditions. The "O" rings also isolate the closely
lapped sleeve and spooi from external stresses which may exist due to mechani-
cal mounting means. To further eliminate external forces on the sleeve, the
valve spool travel stops should be on the housing rather than on the sleeve.
The floating sleeve arrangement also allows easy servicing of the valve, since
the sleeve and spool may be rem;wed without disturbing the housing and its
attached plumbing,

’ SECTION 6 ~ ACTUATOR DESIGN
Several spring constants which may affect system operation are ihherent in
the cylinder and piston design. Two very important sources of flexibility are

1

VIII-8 - CONFIDENTIAL

b &

0

“




gy e P AN T i,

R e

()

4

CONFIDENTIAL ' Section 6

the piston rod and the extension, or coupling spring, between the cylinder body
and the surface horn. A reasonable criterion for these two spring constants is
that they each be at least ten times greater thﬁn the spring constant of the 0il
within the cylinder, The axial flexibility of the cylinder body itself may be
disregarded if a neutral leakage type valve is employed. The reason for this

is that the sum of the pressures on each side of the piston remains approxi-
mately constant, even with load variations, thus yielding the equivalent effect
of a pre-loaded spring. It is common practice to insure long cylinder life by
inserting a steel cylinder sleeve which is smaller than, but concentric with,
thg cylinder body; the sleeve is supported by approﬁriate mountings on both ends.
The sleeve should nof be so thin that its radial expansion under pressure will
materially reduce the effective spring constant of the cylinder oil; The equiv-
alent spring constant of this sleeve should be at least twenty times as large

as the oil spring constant. In every case, the piston and cylinder assemblies
must be designed for rigidity and not merely for strength.

When the servo valve is mounted separately from the actuator, rigid tubing
mst be employed between valve and cylinder, the use of flexible hose in this
application dangerously reduces the series combination spring constant of the
oil and lines. The caiculation of the total oil under compression must also
include that in the interconnect lines for the remote valve configuration,

An additional spring constant, which is a very important system parameter,
is the combined series spring constant of the surface horn, the torque tube

‘between horn and surface (if such exists), and the inherent flexibility of the

surface itself, This spring is dependent on the structural design of the sur-
face and is not under the direct control of the hydraulic designer. The struc-
tural designer should be aware that rigidity of the surface is an extremely

' CONFIDENTIAL o  VIIIe9
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important parameter in the deéign of the hydraulic actuator system. The ei:;';‘ec-
tive spring constant of the surface is difficult to evaluate since the surface
is a distributed parameter system and as such has many oscillatory modes. It
is usuall'y sufficient to evaluate the surface spping from the derived or meas-
ured value of its fundamental torsional frequency as seen frdm}the horn. The
bending modes are usually relatively unimportant since most surfaces are sup-
ported at several points along the hinge line. Parent surface bending if very
great does not permit the simplification suggested above., Also, on recent air-
plane designs all=movable surfaces have been employed in which the bending modes
are much more dominant than the torsional modes.

'There is one more design item over which the designer has limited control.
This parameter is the effective damping coefficient between cylinder and piston
due to O-ring installation. The O-rings are, of course, used to prevent piston.
rod Yéakage as well as load induced leakage past the piston from one side of
the cylinder to the other. The introduction of the necessary O-rings into the
design entails non-linear damping, the effective viscous equivalent of which is
difficult to evaluate, Data on O-ring damping for varic;us' cylinder pressures
and degrees of O-ring "équeeze" are contained in Air Force Technical Report
No. 5997. The use of a single grooved piston sometimes results in O-ring roll
which resembles backlash in the output motion of the cylinder (or piston) as
the load pressure reverses sign. This O-ring roll may be minimized by providing
two O-rings per piston and venting the peripheral area between the two to atmos-
pheric pressure, In this fashion the force on either ring .due to pressure in .

the cylinder never reverses sign,

SECTION 7 ~ STABILITY ANALYSIS
A brief review of a typical hydraulic actuator will now be presented to

illustrate the effect upon system stability of the design parameters that have
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Just been discussed. The case which will be taken is the fully-powered actuator
of Section 2 of Chapter V,

In general, stability analyses of hydraulic control systems are madé for a
grounded condition of thé aircraft, i.e., when there is no airload on thé surfaceé,
This is usually the most adverse condition from the standpoint of stability since
airloads entail additional surface damping and an additional restraining spring
on the surface. It is a well-known fact that although many hydraulic¢ coritrol
actuactors have been subject to ground ¢hatter or buzz, they have proved per=
fectly stable in flight, Ground chatter also prevents checkout of thé hanual
and automatic modes of the flight control system.

With aerodynamic force on the control sufface assumed negligible, the open-
loop transfer function of the typical example is approximately given by (V-27),

which is repeated here for convenience:
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The frequency response plot of this transfer function is shown in Figure VIII-3.
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Figure VIII-3. Typical Open-Loop Frequency Response

The most important parameters which place upper limits on the system gain
are those which are contained in the damping and natural frequency terms of the
denominator ‘quadratic, It is seen that the frequency «J), is dependent upon all
the springs in the system as seen by the surface mass, It is important to keep:
this frequency as high as possible éince it is relatively lightly damped; other—
wise the system gain term, or zero gain line, must be adjusted at the expense
of optimum performance. The preliminary analysis should indicate whether the
design will be adequate, i.e., completely stable, yet with sufficient gain to
yield a satisfactory time constant, ’

The design criteria which have been set forth in previous sections of this

chapter establish the cylinder oil spring and the inherent surface spring as the

dominant springs in the system. The predetermined hinge moment, surface displace-

' ment, and surface rate requirements render the oil spring constant essentially
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introduced through an autopilot is limited; therefore, it becomes important that
the combined phase curve of the autopilot, hydraulic system, andl airframe} allbw
?he gain tétbe adjusted to give good control of the airplane, Since the airframe
frequency response is dictated by the designed configuration, it is unalterable,
and since the phase lead introduced by the autopilot is limited, the hydraulic |
actuator must be good envugh to make the combined system satisfactory. There-
fore » 1f an autopilot is to be used in conjunction with an airframe, it is essen-
tial that the autopilot designers be consulted to determine what timeuconstant'
is necessary for the hydraulic system.

The second problem, low threshold, is important since the autopilot actu-
ator will be required to make a great many small corrections because it cannot
distinguish between phugoid and short period oscillations of the airframe., If
the threshold is high, the autopilot hydraulic actuator airframe system will tend
to have a limit cycle oscillation that the pilot will find objectionable., In
conjunction with the low threshold requirement, it is necessary to m‘aintain a
satisfactory time constant for very small input amplitudes. Many hydraulic sys-
fems tend to have a higher time constant for smaller amplitudes because suffi-
cient care was not taken in the valve design. This effect will again tend to
produce limit cycle oscillations in the combined system.

Other hydraulic system parameters that affect autopilot design are loads
imposed upon the autopilot actuator by the hydraulic system and velocity limit-
ing of the hydraulic cylinder. For a fully-powered system,the only load imposed
upon the autopilot actuator by the hydraulic system is the valve operating force,
Assuming that Bernoulli forces have been designed to be small, the larger part
of this force is coulomb friction. Since most autopilot actuators are electric

motors whose torque error curve may have a low slope, this coulomb friction can
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HYDRAULIC ACTUATORS IN FLUTTER SYSTEMS
CHAPTER IX
THE mrwmw OF SERVOMECHANISMS ON THE FLUTTER OF SERVO CONTROLLED ATRCRAFT #
SECTION 1 - INTRODUGTION TO SERVO-FLUTTER INTERACTION

The extensive application of servomechani'sms‘ in the control of aircraft

' ~has.been both cause a.nd result of some of the most important recent advances in

aircra.ft design. To a greater degree than was formerly the case it has become
necessary to examine the controlled aircraft system as an integrated whole,
In partiéﬁlar, the introduction in high speed aircraft of complex control sys-
tems. embracing several servomechanisms is making it a neceseary part of‘.d‘esign
te study in some deteil, the dynamic interaction between the control s‘y.stem and
the aeroelastic airplane, | |

This chapter is concerned with the modification of claesica; flutter theor‘y
to account for the effect of a complex control system. Since control systems |
are highly variable in content 'a.nd layout, a considerable portibn of the chapter
is devoted to control system elements which are likely to be present in pra,ctiee.

The material presented here is not to be regarded as a readyémade expressio‘n of

‘any problem in servo-flutter interaction which may arise, but rather as a system-

atic organization of the considerations which the design engineer must take into
account. in order to set down his problem.,

The central consideration in the study of dynamic interaction between the
aeroelastic¢ airplane and a complex control system including, in general, sev-
eral servomechanisms is that there are present in the control system energy '
sources which may either promote or retard a*tendenc‘y toward flutter of the '

overall eystem. Moet of preeent day airplanes have powered controls, at least

#* Portions of the material contained in this chapter appeared previouely
in Air Force Technical Report #6287. Special permission for its use here has
been granted by Wright Air Develomment Center,
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system having three degrees of freedom (torsion, bending, and surface rotation)
and acted upon by two-dimensional aerodynamic flow forces., Each degree of free-
dom of the mechanical system is characterized by self-inertias, dampings and _
springs, and by coupling terms (via inertia, damping, or springs), with the other
degrees of freédom.‘ These self and coupling terms are all ﬁecha.nical reaction

forces, and the mathematical models describing their behavior (with zero appiied

‘aerodynamic. forces) are linear differential equations with constant coefficients.

The mathematical model of the applied aerodynamic forcqé ca.nnoﬁ, be expressed
in the same way. Basically, the forces are considered as the effe,cts of twa |
dimensional flows and are usually described in terms of the resu:!.ts obtained by .
solving Laplace's equation for a particuiar ﬁwo—dimensional confi"éﬁration. The
mathematical models of the aerodynamic flow forces are therefore functions of
the mechanical degrees of freedom a.n;i of time, To put the aerodynamic‘ i“orces
into a usable form (or even to solve Lapl.ace's equation), if is ‘nece‘ssary to
assume a steady state oscillation of the three mechanical degrees oi“ freedom.
Since the forces also depend upon the speed of the airflow about the pé.rticula.r

two—dimaris;iona'l éon‘figuration, the oscillation frequehéy is "non-dimensionalized,"

- and referred toas the "reduced frequehcy," 6&)/(/'. On the basis of this .assump-

tion, tie é.erodynamic forces are expressed as a linear combination 61‘ functions
of the three mechanical degrees of freedom but with the coefficients as functions
of the reduced frequency. It is this complication, with the aftendant special
methods of solution, that has necessitated the creation of a special field for
considering the dynamics of flutter.

With this background, the mathematical model describing a typical classical
flutter system is given in (IX-1), (IX~-2), and (IX-3), where the constant coeffi-

cient mechanical reaction forces are on the left and the frequency dependent

CONFIDENTIAL | Ix-3
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‘a.erodynamic forces are on the right, The equations are written for the two

dimensional case with zero structural damping and no tab,
Surface Rotation Equation:

(@) [birGalsrhl-a)g]& =T
Torsion Equation: |
- (IX=2) [;’, +A(c—d).5;],§f[.{,o'<° +C,<.,,<].,.5‘ A‘.'zﬂl ~

Bending Equation:

(=) S5 #5524 (M +G) =L

!t

where

@ 1is the coordinate of axis of rotation-

*

is the instantaneous value of local torsional angular displacement of O
: A \

airfoil

is the semi-chord of entire airfoil

is the instantaneous value of control surface rotational displacement

Ny O

is the arbitrary damping coefficient

O a
2

is the torsional stiffness of parent surface about elastic axis per

unit span

O

is the torsional stiffness of control surfaée restraint about control

surface hinge axis per unit span

\ﬂ.‘

G4 1s the bending stiffness of parent surface about elastic axis per unit

span
A is the instantaneous value of local bending displacement

vy
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aerodynamic forces are on the right, The equations are written for the two
dimensional case with zero structural damping and no tgb.
Surface Rotation Equation:

@0 G a3 AT

Torsion Equation:

?‘

(1X-2) [[, +A(c-¢).s;],§f[.{‘o‘<‘ +Cuc] +Sh =M
Bending Equation:
(3) 5, f S (Mt Gh)=L

where

Q@ 1is the coordinate of axis of rotation

R

is the instantaneous value of local torsional angular displacement of
airfoil -
is the semi-chord of entire airfoil

is the instantaneous value of control surface rotational displacement

Qa Y% >

is the arbitrary damping coefficient

O

is the torsional stiffness of parent surface about elastic axis per

unit span

O

1s the torsional stiffness of control surface restraint about control

surface hinge axis per unit span

¢ is the bending stiffmess of parent surface about elastic axis per unit
span |

A is the instantaneous value of local bending displacement

- Twly CONMDENTIAL
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is the moment of inertia of parent surface per unit span about elastic
axis |

.l"o is the moment of inertia about hinge line of control surface per unit

length

L  is the total aerodynamic lift on entire airfoil per unit span

M is the total oscillatory aerodynamic moment acting on pa.rept surface

about its quarter-chord point per unit span

M  is the total aerodynamic moment acting on entire airfoil about its

elastic axis per unit span ‘ '

5(,C is the static moment of entire airfoil per unit span about elastic axis

Ss is the static moment per unit length of control surface about hinge |

line

7”7 is the total aerodynamic torque acting on controi surface per unit

length about hinge line.

These classical equations are complete in themselves if no further energy
sources are present and if the description of the reaction forces is accurate,
However, when a ﬁxZ_Lly—powered or power-boosted surface control system is added,
two different types of modifications to the classical equations are in general
required,

The first of these types of modifications deals with one degree of freedom
vibration and is made necessary by the fact that the mechanical reaction forces
described by the flutter equations no longer describe the physical situation,

In this instance, the self-reaction forces in (IX-1), .{,/3*(;,,8, representing
effectively a spring (for emﬁle , torsion springs and a pushrod) and the surface
inertia, require modification to describe the presence of the hydrauiic actuator
having no input valve motion. The nature of this entire modified self-reaction
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. force may be found ’oy 1ooking back into the surface act'uator system. Since ‘the'

first appro:d.mation is still an inertia and a spring term, with the inertia

essentiallx I » the entire svstem may be considered almost the same as the con-

ventional- system for suffici'ently lqw frequencies, However, for high frequencies
the spring term must be ¢considered cemplex. This type of modification is con-
sidered later in detail, - |

The second type of modification to the classical flutter system deals with

.8ystems of two or moi-e degrees of freedom. In this case, one of the flutter sys-
_tem nlotions oc, 3 s OT h, ora. function of one of these motions, causes an input

L to the actuator and hence a.dditiona.l coupling of B with torsion or bending. As

ex,amples, of this type of coupling,, consider:
1. The case 'whereroteti_ox‘n of the sui'i‘ace bends the iuselage ’ stretching
.bne portion of a 'ceﬁie-system mdre than another, resulting in valve
. motion which chénges the surface rotation, etc., or
2, The case where the t.orsn.ona.l displacement o<, causes a change in
moment on the aircraft in turn resulting in a change in load factor
. which is picked up by an accelerometer in a stability augxhenter (or by
a bobweight iix'a. ‘feel syetem) ,' which then gives rise to a stability |
augmenter motion, a {ra.],ve.mo.tivon, and consequent surface rotation.

The changes to the flutter system model in Case 2 above are obviously much

more complicated, depending uﬁon the charecteristics of the sfability augmenter

" and upon the characteristics of the feedback of a flutter system motion to the

.stability augmenter sensor, _In the following portione of this chapter, stability

augmenter c.hapaeterisi;ics are. reviewed, and & method of handling this sort of

~ feedback is presented. -The ty'pes'of feedbaek from a flutter system motion to
' various _stability augmenter sensors are discussed, but nothing definitive can

be said about exact fome.

126 - _ | CONMDENTIAL

3

P
| "



%

* CONFIDENTIAL |  Section 2

In -summary, the presence of the surface actuator makes it hecessary to con-
sider two types of modification to the flutter system:
1. A fairly simple chafige in effective surfacé dynamics (with no iriput to
the actuator). '
2. Much more compllcat.ed couplings due to the fact that the subsidiary
systems cause surface.actuator inputs. '
It should be stated at this point that a special instance of this second.
modifica_tio’n, which may be of great value in future designs, is the case where
a function of a flutter system motj.oh is picked up by a sensdr, specificallj
installed for this purpbse » which then moves the control surface in such a way
that the influence of undesirable couplings is reduced; such a sensor is a flut-
ter system stability augmenter. This sort of dévice could become quite imporw
tant in future designs because it would make possible the use of certain air-
plane configura;tions now considered unsatisfactory because of flutter. It
would also be particularly helpful as a remedial measure in alleviating troublé
caused by unexpected flutter and as a safety device for flutter testing.
(b) MODIFICATION OF THE CLASSICAL SYSTEM |
The purpose of this subsection is to indicate the general form takéh b-yr
the flutter equations when a surface actuator is added to the system. Thé mod-
ifying terms are expressed as transfer functions which are operators relating
input and output quantities.* The procedure will be to assime that all possiblé
feedbacks to the surface exist s and then to show how the general flutter equa-
tions are modified.  Later sections discuss in detail the actual forms of the

ge‘né‘ral feedbacks assumed here., The reason for including this section at this

¥ See: Methods of An , 2
Control Systems, BuAér Report No. AE-61-11, Northrop Aircraﬁ'. - Inc,, -
Hawthorne s Ca.lifomia, 1952,

—'," 4 ."‘ -
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point is to .supply a better background for certain of the more detailed analyses
given later.

A general surface actuator has the defining equation: #

(Ix~4) Me = X8+ ki

where A/ is the net moment due to the combined effect of & (and its derivatives)

and the effect of any input x- to the servo device. The moment component 727{‘-
implies the existence of surfacs rotation through feedback coupling involving

<, , or /A which produce X; « In terms of the flutter oqt_lations,
V 4 [ to
(=5) M =T = [Le+ be-8)5,]% = Soh

Note that in the classical flutter case the actuator system is not considered,
and % /3 =.Z;,['J’.+ Co/G+ Equation (IX-5) then becomes identical to (IX=1).
Physically, )s’ﬁ is the moment component due to surface rotation, and ¥ X,
is the moment component due to an actuator input.
If the input to the actuator, -, is a function of °<,/3, or / (dus to
the presence of coupling stability augmenters, autopilots, struct_ural feedbacks

directly in the actuator, ‘etc.), the form of x, becomes
(1x-6) x‘.=);oc+ %ﬁ,«

where ).  is the total transfer function from the torsion angle °, to actu~
ator input x;, etc.

In general, the ) , % s % transfer functions are combinations of various
feedback paths and contain portions which are functions of b(.)//)‘ as well as por-

tions which are functions only of &) . Since the transfer function concept allows

"% It 1s assumed that the surface actuator applies no forces that directly
cause torsion or bending.

IX-8 CONFIDENTIAL

0




. CONMDENTIAL Section 2

the analyst to effectively lumi: degreeé‘ of freedom, complex feedback paths can
be handled readily in this fashion if the feedbacks are functions only of & .

When portions of the transfer functions become properties of bl.)/U‘ » it is desir-

able to consider certain of the degrees of freedom as additional ones to the
thre‘e used thus far as examples, without lumping all the feedback degrees of .
freedom as transfer functions., This case is discussed in Chapter X, In this
chapter, the examples used are considered to be functions only of & dnd are.
delected to illustrate the fact that feedback terms modify the conventional
flutter terms. The equations used in this section would be general in nature
if the Y()’s are replaced by )7ba)r) s + This is undesirable as far as -actu~
ally solving ﬁhe general flutter sys;.em problem is concerned, |
Combining (IX~4), (IX-5), and (IX-6),

@1 %@ G R fh) =T [Le be-alg]s -

The modified surface rotation equation then becomes (for sinusoidal o, 3 , and

h)s

- (Ix-8) (%) %) %] 8 +{[1;, +b¢--a)s,,](-¢.)")+ ¥ W)Y (g,))}o‘c

| 1+{~a>’ + )f(:.)))’(z.)}/;' =77
In general, Y, (&) = {— O+ C (a))}

x) [ 0" ot Golw)* %) 5 W16 +{[L,* ble-alg ) )
* W)@} < # (-0 + Y@YW} h =T’

The exbent to which the flutter system is affected by any modifying system
is meuurod by compariaon of the values of the additive terms relative to the

CONFIDENTIAL ~ ' -9
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corresponding classical terms (e.g., ) (@))(&) relative to '&)z% )o In this -
instance, if "a)z% >> %)%, (@) at the frequency of interest, the contribution -
of the additional bending coupling will be negligible.

In a formal fashion , the entire problem of servo systems and flutter is

described by (IX-2), (IX-3), and (IX-9) if the Y(a)’ are replaced by Y(ba)ir)’s.

In the practical case, the forms of the additive quantities and detailed methods
.of analytically handling the additions are important. The sections that follow
consider these aspects in detail,

| Section 3 discusses the forms 6f ); and ,‘Q’ due to hydraulic surface actu-
ating systems, A simple fully-powered case is teken as an example. While only
hydraulic surface actuators are considered in detail, the use of electrical
actuators leads to essentially the same results, Section 4 discusses the por-
tions of 7; s ),; ', and 7; due to stability augmenter systems, Section 5 dis-
cusses the poz;iions of X' 5 )% , and ), due to cable systems and bobweights.

Section 6 discusses the portions of )

% s % »and % due to feedback of a flut-

.ter motion to a stability augmenter senso;, a bobweight, etc. With these "com-
ponent® characteristics established, the combination of individual characteris-
tics established, the combination of individual characteristics into the total

modifying terms G, , %)X ,% % , and Y% ), is discussed in Section 7.

SECTION 3 — SURFACE ACTUATOR SYSTEMS
Hydranlic surface actuators are in common use in current piloted aircraft.
In the case of missiles, the surface load and speed requirements and the missile
airframe response requirements permit the use of a greater variety of surfase
actuator types, e.g., electrically powered units, pneumatic units, and electro-
hydraulic units, as well as hydraulic ‘a.ct;uators. The dynamical characteristics

of all surface actuators.are of essentially the same form, i.e., expiresaible by

x.

Ix-10 |  CONFIDENTIAL
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As,m_ila_r generic transfer functions with interchange of certain basic system

parameters, | \
With the above facts in mind, the system chosen for illustrative treatment
is the fully-powered typé formed by simplifying the system shown in Figure III-5,
i’He power boost ratio //b is taken as infinite, and the input mass M » input
damping 5; , valve damping 4, , and input coﬁpling spring constant 4. are each
taken as Zero. The system is then truly fully-powered; i.e., the input ﬁ_e’mber

is subjected to no force at any time.

To Manual Control . System

Pressure Valve Spool
Inlet ]
. Sump =— ; ? — Sump .
e e H Mo s e —d ‘ Neutral Leakage
TN 7777 77\ s ’
‘Z F = '0.
e S St -——
q?//[//[i?)//// /42;7f'
! Vs
Piston
Cylinder _—

Aerodynamic ———/

Control Surface

Figure IX-1l., The Fully-Powered Hydraulic Servo Actuator

If !/ is the surface horn radius in Figﬁre IX-1 and d is the surface span
served by the hydraulic actuator, there exists a simple relationship between
the force ~ of Cha;pter IV and the moment My of (IX-5):

A
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Section 3

 CONFIDENTIAL

The displacemént x. and parameters 4/ and 5, of Chapter IV are given in rota~

tional terms:

x, = A5
d

(Ix-11) M, = 7.53
A d

where (3 and J, are the same as in (IX-1), -The parameter S, is a damping of

'control surface rotation which is seldom used in flutter analysis, since in this

damping is usually negligible,

_case it does not simulate any part of the aerodynamic force, and any remaining

Equations (IV-7), (IV-8), (III-58), and (III-61) are easily specialized to

apply to the tmly'fu]lj-powemd system under discussion:

(X-12)  F = |(M,s"+ Bys +4,) -

.

(1x-13)  F= |M,s*+ Bys) +

where
_ 1,1
kK kT
_ Ay - k&
Y7 TK kg
Ix-12

file

g |, - %f@ax)

VA1
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./ and the & determinant is

.o
/s
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. {1,/4,32+/z9c’,sfk°+kc -Rs ~k, -

| -Bs | | Mos'+(B.# B)s + ks -B;s
=4 -G, s Bes + k,
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Thg, g’ S given above are polynomials in § which reduce to unity if s equals

/ Zero,

Equations (IX-10), (IX-11), (Ix-12) , (IX~13) are combined to form:

y
(IX-14)

| Me = %8 + %%

13
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The expansion of C Cf;rorA , » and Y is simplified by taking the flow
damping 5 as large in comparison with the cylinder damping Bc » a8 is always
the case, In the typical case, the piston mass Mp is quite" small, and the
piston spring A, is several times as large as either the oil spring 4, or the
cylinder~surface coupling spring 4, . The polynomials g, , g, , g5 / k. , and
Js then each have high frequency quadratic factors at the approjdmgte frequency
ke/Mp. These factors effectively cancel out of C;,’ sGorora, » @4 % , vhich
nay be written: | o

_éigﬁ_(’ O
, dM+@>,

(x=2s) G ™ (I+/XZ)-£+ —a:.s+ /)

Lick (s, Vo, 2, )

| A, o ‘
(1X-16) Gorora. = = (k(_{i)l)(‘(hg + &—:—*27)———
| o & N o
_L,_kk
d " (het k)
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Figure IX-2, Frequency Response of Corrective Term -C,;
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Figure IX-2 shows a generic frequency response of the corrective term '»'Cﬁ, .
This quantity acts to alter the effective rc;tational stiffness of the control sﬁf;
face from Cg = (A a/d)kc. » which would be the stiffness if the actuator cylinder
did not move under load. The actual stiffness at any given frequency is the com-
plex quantity obtained by adding C;e and C/"_,’ « It should be noted that the servo
action is effective at zero frequency, in which case (;_,, =~(L 7d X k: /k,*k,)
The dynamics in Figure IX-2 are limited to a very low frequency range and a very
high frequency range. For the simple case used as an example, thereis a broad
intermediate region where there is no phase correction. This is the range of
usual interest in flutter. However, the correction is not as simple with more

complicated actuators,

rorae » AMplitude
Ratio in db

o

Phase Angle
Degrees

in

TN\

<,

Prorac?

" Log Frequency —

Figure IX-3, Typical Prequency Response of Total Complex Spring g'?‘or AL
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C ‘} In Figure IX-3 it is assumed that «), and &/, are practically equivalent;
Leesy (I/ke)=(1/hs) * (1/ks) + This is true if the oil spring A, is suffi-
clently high or the flow spring /rf is sufficiently low, The figure graphically
demonstrates the fact that when the two frequencies ), and 44 approach coinci-
dence (which is the case for 4, >> k. ), the complex spring becomes for all

N frequencies a pure spring, its value being very nearly that of the coupling

\ spring Cﬂ. =(€2/d) k,_, « Although the plot shows the value of the complex spring

at zero- frequency to be C;, = (z"/d} /(d » this is not precisely true. If will be

noted’ that the complete analytical expression for the complex stiffness at zero

frequency is '

L2 kek
IX-18 cC = = __2¢fF
( ) BroraL lw-’o d (kc + kf)
Then at sufficiently low frequencies, i.e., those approaching static or steady-
state load conditions C;, becomes a pure spring formed by the series link-
ToraL

age cf the coupling spring (ez/c{ ),(’C and the effective hydraulic servo spring
2 . . . o .
(Z Jd) Ky The' approximate relationship C/',rou‘ Zo - ~(t /4/@ holds true if
/\',' >> Ky o which is the case for a very high gain, tlosed-center hydraulic servo.
'The range of frequencies higher than the frequency pesk indicated by Ly

~on Figure IX-3 may also be examined. The exact value of in this range

gannot be obtained in general terms. However » numerical calculations for typical
B Asystems ﬁawfe substantiated the physiéa_ml reasoning that the equivalent spring is
essentially the series spring.‘combina.tion that would be obtained if the hydraulic
fsystém were viewed as a passive network. In other words, at sufficiently high
frequencfos the aeM acﬂiqné_og the sygtem is greatly suppressed, and the effec-

tive spring at frequencies above Wy is

¢ ) z‘( ke ko » )

Corori | 55wy " d (ko * hks #AcKs
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It should be eniphasized that normal static tests (e.g., loading the surface and
meaauring its deflections) will not provide a satisfactory means for obtaining

. the above spring constant.

.8 -

:E

o O

4.4

53 0

[

30—

R P N - |

© o =45 (— :

2 Q | N
&f 90 ‘ .
: Ny
F "=135 Lo - ,

Log Freqﬁency —

Figure IX~4. Frequency Response of — )

The ty?ical frequency responée of =7, is shown in Figure IX-4. The mom?nt
compenent, 7: %; (see IX~1l4 and 11;5) due to an actuator input requires additional
consideration, The transfer function 7 camnot be clusiﬁ.;ed'as a complex
spring in the same sense as Gy rotaL s even though it has the dimensions of a
spring. The servo inpuf. must fifst be known as a function .of <,/3,0r h

4

The expressions (IX-15), (Ix-'-lé) , and (IX-17) were obtained by considera=
tion of a very simple ‘type of hydraulic actuator. Many )vdraulic servos fit
into the pattern of Figure III-5, and the results of chapters III a.nd IV are

available for use in inveatigation of more ccmplicat.ed cases,

Ix-18
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The validity of the linear analysis in the high frequency region near sz
and @y in Figures IX-3, IX-4, and IX-5 is to be questioned, and if unusually
high flutter i‘requencie_s are encguntered a purely analytical study of the mod-
ified flutter system is probably useless. The linear analysis fails at high

L]

frequency because of the increased importance of distribution of mass and -damp-
ing.

The discussion concerning the incorporation of hydraulic system data in

flutter calculation can be summarized as followss |

1. Both general and approximate relationships have been presented as
transfer functions, or portions thereof, which relate surface dynamics,
hydraulic servo dynamics, coupling moments due to ¢ and b , and the
total aerodynamic moment on the surface,

2. A complex spring stiffness concept has also been developed, thus pro-
viding a convenient means for analytical or graphical inclusion in the
normal flutter soiution techniques,

3. The reductions of the complex stiffness term and the moment-input
transfer function to effectively pure springs in certain frequency
regimeé have been presented merely to give the reader a keener.physi-
cal insight into the servo-flutter problem. The frequency variant

expressions mist be employed in the usual analysis.

. SECTION A4 - STABILITY AUGMENTER SYSTEMS
A stability é.ugme‘nter may be defined as a device which a.ugmenta or creates
desifable airplane stability characteristics by applying proper control surface
motions and hence proper stabilizing forces and moments to tﬁe .aircrafb‘., Exam=
ples of physical stability augmenters are the pnot-mificial foel-sirframe

CONFIDENTIAL =19
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system, yaw dampér systems,sideslip stability a.ugmentér system, and automatic . '_ T @
pilots, S ‘ . | . . . N . N

For a stability augmenter to function in the desired way, i.e., to c.ontrc-)l )
a :'controlled.element ,"" several distinct elements are required.

‘The first is the "controlled element," which in this instance will always
be the airframe. The controlled element is characterized by iniﬁﬁts to obtain R
control (via control deflections) and outputs generated by the input (such as
changes in speed, angle of attack, and rate of pitch). Since the controlled
element portion of a stability augmenter does not figure Iﬁronﬁnently at this
point of the discussion, it will not receive detailed treatment here.

The second element required in a stability aﬁgmenter is a device to supply
a surface rotation, This is usually a positional servomechanism, either driv-
ing the surface directly or, more commonly at pi-esent s driving the input member
of a surface actuating servomechanism., The latter element is discussed in Sec- O
tion 3. |

The third important element required in a stability augmenter is the sensor.
This is a device capable of detecting a particular motion of the controlled
element and of transmittiﬁg a signal proportional to this motion. The sensors
which are important in flight control system work and which may also be impor-
tant in the modified flutter problem are:

1. Rate gyros

2. Accelerometer or force pick-ups -

3. ©Stabilized gyros |

The charactqristicg oflthese élémenté are sunmarized. in later portions of
this sectioxll.» | | - | |

The fourth important eiement in a sta.bility aﬁgmenter is the ‘equalizaﬁion.
Equalization includes all the means required (including physical connections)
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to modify the performance of any of the system elements and of the over-all sys-
tem to achieve satisfactory system operation. This definition is rather general,
but, from a dynamic standpoint at least, equalization in' stability augmenters
usually takes the form of a rate circuit and an amplification, This element will
also be discussed in this section.

With the four prime elements of a stability augmenter defined, it is possi-
ble to establish a fairly general pictorial representation of a'stability aug-

menter system,
RSurfeCe Motion | -

Positional Surface 4
Servo Actuator

Airframe

Sensor ' Equalization

Airframe Mo_tion

Y
-l

Figure IX-5., Block Diagram of a General Stability Augmenter

From the standpoint of modifying cla351cal flutter analysis,- the presence
of the stability augnenter creates the posmbilxty tha.t the sensor may pick up
some function of a flutter motion °<, /s or h in a.ddition to the "rigid" air-
frame motion it is expected to sense, In these mstances , the flutter motion
signal can result in motion of the surfa.ce » thereby creating the ooupling of the
second type mentioned in Section 2(b).

With this 1nformation on stability augmenters as a background, it can now
be stated that the purpose of this section is to consider in detail the mathe-
matical model of that portion of the s+a};ility wgmenter system from sensor |
input to positional servo output. These input-output relationships will be
developed in terms of the transfer functions of eaoh‘block,: , with the end result

being expressions containing positional servo output ﬁo’tio,ps and ‘sensor Ainputs.
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A rate gyre is a gyroscopio element restrainedto mo\re in only one degree.

Jor ~rreedom. If the wheel ie epinning at an angula.r velocity @y and-has a
moment of inertia a.Bout the* epin axis, .L, § an hngular velooity .r).,,_ about the

x ax:!,s results in h preceeeing torque. ébout the = axis ee ehown in F:l.gure x-6.

'This. torque is given by the equation: ‘ el o .
(Ix=19) " '. L,. = I, a), .Q.-,‘- ) . h ]
. * . ¢ ° x .' 0
B . . . . k.) _n_x A .
. ¢ e. h a,’ . * -
. . . Yy 4 Iy .
. . . ‘ ’L.z z .,

b e . . ’ . o A \ . )
. Figure II-6., . Rate Gyro Relationships °

For small precession anglee, whete the gyro is restrad.ned about the Z axis

with a eprslng and with coulomb and v:l.ecoue .denpere s . . .

(’Ix-zo') Ly = (I a\ ).n., é'-+ @,é+k,9 * /;;z,-;v'e’_

The symbol 6 is not to be confuaed with the 9 ueed in 1ater portione of this

-report as an airframe angular rota.tion. e N
'I'he gyro then has a tranefer func‘tion ) .
(Ix-21) . . == % e ; o L
, o ( 24 )
—fg +/ .
6),, Wy, .

'y g

IX-22 © . CONMDENTIAL




. CONMDENTIAL " Sectdon 4

_wherg, -

and
¢ - B
Y 24, . I
If some sort of pickoff is then attacﬁed to give a linear ele:ctrica.l output

signal, 14 » for a given precession angle G ,

' ‘ : (ﬁ—y‘r’ g‘))')
(IX~22) L 2/‘" 7
4),,9 @,

It.will be.noted that a minimum detectable input angular rate due to the
gym-c“énst:‘*uctibn itself _e:dsts , and is given by
T
L4

Resolution of potentiometers or thresholds of other types of pickoffs must

(I-x-23 ) L2y MIN. =

be added to this minimum signal to obtain the total minimum detectable signal.
Since a rate gyro gives an output proportional in. the steady state to
angular r;.tes » the airframe motions roll rate, p , pitch rate, g > and.yaw rate,.
F , can be directly measured by properly mounted rate gyros. A.
It must be mentioned at this point that considerable portions of the e.ﬂ’_e'c-

tive angular velocity presented to the rate gyro could conceivabiy be due to an

‘elastic motion of the airframe itself in creating loca.l angular velocities dif-

ferent from those of the "rigid airframe." This possibility is usua.lly mini-

mi‘zed by proper mounting of a rate gyro. It is obvious that the loca.tion of

the airplane and also the frequency of,‘ m:&etubmg influences are of the

CONFIDENTIAL 1x-23
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utmost izppor"bance in considering any modification to flutter analysis, This
same conclusion is velid for the remaining stability augmeﬁter sensors cénsid—
ered, It should also be noted that a certain minimum amount of feedback is
~ required to actuate the sensor.

ACCELEROMETERS OR FORCE PICKUPS

Because most sensing elements used in aircraft stability work require an
unbalanced force or moment to change some motion or other 'quanﬁity of the sens-
ing mechanism, they are in reality force or moment .ptgkups. However, the unbal-
anced force on an object may be a function of a velocity or displacement, etc,,
or may be made proportional to a displacement or velocity, etc., over some fre-
quency range. As an example, consider the simple second order system shown sche-
matically in Figure IX-7. (Since most accelerometers have equivalent ’network
diagrams, this diagram will suffice for all the ‘accelerometers considered here.)

% |

oving 1y Viscous | ; Coulomh
[H_ Mass Bl Damping ké Spring  Fg | Friction

I AT AT SE S Gar A Ay S G Gy AL G G A A ShN GhN (h SRV SN S A (A A G

Figure IX-7. Network Diagram of Accelerometer

The mechanical system shown has the equation:-

(IX-24)  F = M%, + B, + kx, + Fz SN %,

or
, = B— . | N = k | ) V .

12-24 | . . CONFIDENTIAL
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glving a transfer function when /=0,

X ‘
(Ix-26) = - z
F K (8..;'_ + ﬁs + d

At various forcing frequencies, the system acts as follows:

x a.)z
. . % @,
(x-27) () @ = @ * 755 z'E'f:.,,lﬂ/?
| x, /
() <<y : 7 = ¢

It is clear from (IX-27) that the displacement x, is a measure of displacement,

velocity, and acceleratiqn; that is, for
a)' '>> c.),,a , the systeﬁ is a displacement pickup.
W = U”a , the system is a velocity pickup.
W << (.),,a , the system is an laccelprat’ion pickup,

Since the primary concern at present relates to the use of an accelerometer,
it is evident that the approximation of (IX-27c) will be of most concern; that
is, the natural frequency should be higher than frequencies of interest in the
system,

With a suitable pickup for the motion of the mass, the accelerometer trans-

fer mnf:ﬁion becomes:

(29 he S
: =74 Y 4 L )
| o @, (2):‘ » —t s+ /) o

¢

‘ e
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where |, 1is the accelerometer output signal and & is the input acceleration.
The minimum detectable acceleration is given by: '

Lilll Y
(x-29) MmN, M 22w,

To this minimum detectable value must be added the resolution or threshold: .of
the pickup.

Here again, the ‘sensor is capable of picking up only the local input, which
can easily be a function of a flutter motion. ‘

STABILIZED GYROS

Stabilized gyros, as normally used in aircraft controllers, establish ref-
erence planes fixed in inertial space. In the case of a vertical gyro, this is
achieved by ﬁtilizing the gyro-torqueing system as an extremely low natural fre-
quency filter for a vertical sensor (basically a two degree of freedom pendulum
or accelerometer)., Gyro-torqueing is employed as a similar filter for a mag~-
netic field (or other reference) detector in the case of a directional gyro.
From a'vertical-direction gyro system, the airplane roll, pitch, and yaw angles
can be measured.directl& when airframe displacéments from essentially straight
and level flight occur.,

For all practical purpbses s & properly d esigned gyro system has a constant

for a t,ran’sfer function for fairly low airframe speeds:

| ) VCRO - .
(-30) 5Ty, we ~ K

As mentioned above, the vertical gyro is actually nothing more than a filter
" for a’pendulum, mercury switch, or other force detector, and -since phugoid
periods in seconds are about one-fifth the airspeed in 'mph; the dynamics of
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the gyro-erecting system may become important. Therefore, for this case,

/
()
(IX-31) Vareo - 7 wfw
* yorAL __s_;__+ gﬂ’_g.}./

Wngy — Lngy

or
/ 2
e 9(35,)
©f w‘ + ZZ)';;:Q's +l
hgy 79y

Some instances of possible gyro-erection system coupling witih the phugoid are
already on record for high speed aircraft exhibiting phugoid periods of the order

-o_f 120 seconds., For all flutter mddification considerations, however, the trans-

- fer function is a constant,

As discussed above, stabilized gyros normally measure roll, pitch, and
yaw angles, These angles are always the local angles at the gyro mounting, and
hence the non-rigid airplane motions could affect the output of the gyro, Mount-
ing is,’ agam, all mporbant as a detail consideration.
(v) POSITIONAL SERVO SYSTEMS

Iwo types of positional servo systems are important in stability augmeﬁting
systems. These are the electrohydraulic and the electromechax'xica.l. The electro-
hydraulic servo system utilizes an electrical input signal in cgnjnnction with
torque motors or hydraul:x.c ampllfication or both to position a hydraulic valve,
The. hydraulic valve meters flow to a cylinder or to a rotary hydraulie motor.

An electrical follow-up unit is added to prbvide feedback. The device operates

in a fashion similar to ‘the full_yhpowgred surface actuator discussed in Chapter

CONFIDENTIAL B | X-27
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V and has a transfer function from input signal to output motion which is very

similar to the low frequency approximation of the fully-powered surface actuator:

Xy _ KP._S
(mx-33) % T Tsel

The second type is the conventional électric motor with follow-up. As is

well known, this type of system is approximated by:

‘ A
%o
‘ ¢ 2 L5y
wp: Lps

(c¢) EQUALIZATION
The equalization normally required in any stability augmenter, even in the
most complex case, is usually derived from an electrical or mechanical rate

¢ircuit and amplification, The transfer function of such a device is given by:

x; Ts+/
(1x-35) V = /fe ﬁ'

(d) THE SENSOR-EQUALIZATION-POSITIONAL SERVO COMBINA TION

Combining the characteristics of the sensor, equalization, and positional

servo of a stability augmenting system gives a total open loop transfer function

of the form:
. xo N
( . ) .ﬂ.,d[ or e ' K"“.. .
[K ] i
SENSOR | “sarv0 'servo |
. Ko (T7s#1) » i s
(Gs+1) -k -
slmm ‘ Mro ,
Si + 2;""'?“" s+l | | \_t— Z;' 5+/ .y
Liansor “sanson )
L ‘ ) . . )

SENSOR EQUALIZATION POSITION SERVO .
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If &) is substituted for § , the transfer function becomes a frequency
response, The entire transfer function can then be changed into a real and an
imaginary part:

%o

R2+J2 eJ’TAN"%
£, a; orR 6

—

( ) = RAUGMFNTFR * JIAUGME'N"'R -

(1X=37)

In servo work, the "amplitude ratio," (R°+ I 2)-15 , is usually converted into
decibels for plotting purposes by taking 20106, (R* + I 2)* » The phase,
7aN! I/R , is used directly. The plot of typical cases of (IX~37) would look
like Figure IX~-8. The real and imaginary parts, R and I , can be easily obtained

from such a Bode plot.

a
'; Hydraulic Servo
3 I
;‘3 Electric Servo ——
g
.E |
g
Hydraulic Servo ——\ '

O}——— : 4 \
b -90L
[ 4]
a
5 -180+F Electric Servo \
° .
w =270}
8 _ :
g =360}
@ .

Ty ' Wes Ths Warnsor T

Log Frequency —

Figure IX-8, Frequency ﬁesponse of Sensor-Equalization—Positioné.l
- : Servo Combination
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* SECTION 5 - UNBALANCED CONTROL SYSTEM INERTIAS AND GABLE SYSTRMS

The control systems of missiles and airplanes (particularly piloted air-

craft) ‘contain certain masses or inertias which are subject to forces as a result

of aécelqr-ations. These forces usually arise from the rigid body dynamics of
the airframe , say, in the longitudinal case, the short period oscillations o.ft‘
the airplane. A bobweight installed as a part of an artificial feel device is

usually the most effective element for producing surface actuator input signals

* via a flexible cable system. The stick assemlily inertia is another important

element' in the control system. In any event, the combination of rigid-body

. acceleration sensitive masses, system frictions, and cable or feel system flexi-

bilities may be lumped together into a single second order system,

»

) 6
(-38) 5 = (,-<->z'+ |+ 725% _“3_)
oLt
where

X; is the surface actuator servo input displacement.

'n is the local normal acceleration.

M, is the unbalanced mass subject to the acceleration.

Ky is the mechanical advantage between the unbalanced mass displacement
and the servo input dispiacement.

k 1is the effective c?ntering spring for the unbalanced mass.

!T is the effective system d’amping ratio.

é)r== (k /M,_)E', ‘where A, is the total effective mass of the control system.

Another case where a surface actuator input can occur via a control system

element is when rotation of the surface bends or twists the fuselage, stretching

one portion of the cable system more than another, The transfer function relat-

ing the surface rotatibn/a and the resultant dis;;iai&éihegi} of _:‘some portion of
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the cable system will be discussed later.

"The particular transfer function characteristics under consideration at
this point are those caused by cablé system dynamics when excited by a local
cable input %/ . A functional relationship may be developed between the dis-
placement xf and the displacement of the mass or inertia center, x;. s of the
complete control (cable) system. This transfer funétion aléb may be represented

as a second o) ier ~xpressions

: ’
x; K
(Ix"39) & = Z '
% - . @
" (,.):*’*f”@;)

Since a mechanical advantage A; usually exists between the cable system and
the surface actuator input point, the final desired transfer function is:
Ke

+ | +j2!r—:)i>
B

X _
(n-ho) Z (__ (.)2
(l.)?

T

SECTION 6 - FEEDBACK OF A FLUTTER MOTION TO A STABILITY AUGMENTER
- SENSOR, BOBWEIGHT, ETC.

The previous discussion of stability augmenters, bobweights, etc., has
treated one phase of description of possible flutter couplings due to a flut-
ter motion detected by a sensor and actuating the surface. Before anything
definite can be sé.id about these couplings, the possibility that sensors might
pick up some function of the flutter motion must be explored. As previously
pointed out, the analytical formulation of this link is dependent a_:Lmost entirel:
upon the installation of the sensor in the airframe, and upon the flutter motion
transmi‘btin'g characteristics of the elastic airframe. Therefore , this section

cénnot take all possible couplings into account. The possibility that any one

CONFIDENTIAL - IX-31
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feedback may occur must be a subject for individual study on each aircraft con-
sidered, but -in many cases, proper sensor mounting could obviate the necessity
.of considering some of these links, (Proper sensor mounting would be defined,
for this consideration, as the process of placing a sensor where it picks up
_nl.z those quantities desired for the particular device).

The quantities required are expressions for sensor input in tems of flut-
ter motions, i.e.,

_n‘_,‘a‘-,e
LB >,y h

(H“l‘l) Rf * ]If

This expression can then be combined with the transfer characteristics of the
stability augmenter to form a complex number representation of the particula.r

coupling:
(x-42) (R * FLYR,* 7L) = R + I

The result can then be examined by the methods outlined in Section 7 of this
chapter to d etermine whether a particular coupling is important..
(a) COUPLING WITH SURFACE ROTATION

A1l staﬁility augmenters are coupled with surface rotation through the

"rigid" body motions of the airframe. The airframe transfer functions for such |

cases are very well known¥ and need only be repeated here, Normally, the fre—

' quency response of the augmenter-airframe combination is concentrated in such
a low frequency region that the effect on all but the lowest frequency ﬂuﬁter
is negligible,

Of more direct concern at present, is the coupling of the surface rotgtj.on‘

and the "elastic™ motions of the airframe through the stability augmenter.

* See R Tor example » "Aircraft Controller Design," Northrop Report SIID-B].A,
Northrop Aircraft, Inc., Hawthorne, California, October, 1952. ,
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For example, consider the case where an elevator rota.tion, by increasing
the horizontal tail load, bends the fuselage of the a.ircraft. This phenomenon
can easily move one portion of a cable system, produce a local component of
effective angular velocity sensed by a rate gyro, create a load force on an
accelerometer, or cause other similar effects. Any of these effects can ulti-
mately result in input signals to the surfade actuator system and thereby affect
surface motion. The transfer characteristic would have a first approximation as
a second- order system, with the natural frequency being that of the first fuse-
lage bending mode.# In any situation where fuseiage bending is an important
mode, the possibility of such a coupling should not be overlooked,

Summarizing the transfer functions of importance:

1, "Rigid Body"™ Airframe (Longitudinal Axis only)

(e3) D = KGR, G /] [7;, (70)+ /][ % )+ ]
A ( (,)? Z.g ”( 4))-.«-/)
Q)" SP sﬁ 7
e  g/s _ [7., () + 1] [7,, (7)* []
- (IX=L4) S or Vel - (-(.)2 2 P(&)) / @° é&(-ﬁ»#/)
Qp G)P (')sp 6)5, 7 .

" 2, Elastic Airframe (Fuselags Bending)

% on—g— orR 6 P
(IX=45) — - 7 7
o A ( D +—2—"'(7a))+/)

Wrs W

¥ The basic assﬁmption here is that the aerodynamic forces are of a quasi-
steady nature; i.e., they are not functions of A}l as such.

. ’ IXe ¥
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where A;B is the stamic amount elther of upward displacement (in the case of s
the accelerometer or bobweight) or angular displacement (in the case of the

rate gyro or vertlcal gyro), etc., per unit of surface rotation. |

(b) COUPLING WITH TORSION | |

| A change in the tw1st, s ) of a tail surface causes a change in the local

angle of attack and hence in pitching moment and tail load. Thﬂ tail load ”

change is nearly 1nstantaneous, and consequently fuselage bending effects anal-
‘ogous to/those cons1dered above are possible, The tail load and moment change

can also excite the sensors through the.airplane rigid body motlons whlch, of

course, are of falrly low frequency.

(e) COUPLJﬁG-WITH‘BENDING

| 'An excellent example of possible bending coupling is given in the case of

an elevon controlled airplane with a nofmal force stability augmenter, The

first wing bending mode can be of very low frequency (particularly with pods or QZ:)
stores), and is almost invariably picked up by the normal accelerometer or bob-

weight. The transfer characteristic is again approximated by a second order

system, with the natural. frequency in this case given by that of the first wing

bending mode. This type of coupling could be quite serious in cases of elevon

flutter. o

Another example is that of asymmetrical bending of a horizontal stabilizer ex

giving rise to fuselage torsion, which is picked up by either a roll rate or

roll gyro. In some cases this coupling is probably not serious, especially
" where torsional frequencies are very high, and the sensor will usually be used

to control the ailerons, However, the downwash is changed by aileron rotation,

S0 a very complex cOuﬁling of'asymmetrical bending-roll gyro-aileron-downwash-

stabilizer could conceivably occur,

Py T e .

i oo CONFIDENTIAL




- CONFIDENTIAL Section 7

No summary of possible bending~sensor transfer functions will be given here,

since the form depends very intimately upon the actual configuration.
SECTION 7 - TYPICAL FLUTTER SYSTEM MODIFYING TERMS

In this section, the previously developed component characteristics are
combined into the total flutter-servo system modifying terms for a typical case.

For illust;'ative purposes, assume that the total system is composed of:

1. The conventional flutter system.

2, A pitch rate stability augmenter using an electrical servo and no

" equaiization other than a gain,

3. A fuliy-powered hydraulic surface actuator,

In addition, assume that the only feedbacks are:

1. A rigid body feedback due to e

2, An elastic feedback due to fuselage bending caused by .

3. A rigid body feedback due to o,

L. An elastic feedback due to fuselage bending caused by o<,

Physically, o and /5 produce airloads on the parent surface and on the
control surface respectively. These loads cause the airframe to execute rigid

body oscillations and fuselage bending, both of which are detected and trans-

. mitted by the pitéh rate seﬂsor.

The airframe augmenter system under discussion can be represented as shown
in Figure IX-9. The block labeled "airframe" will be different depending on
whether the pitch rate is caused by o or /5 and whether the mode of motion under

consideration is a rigid bo&y mode or a fuselage bending mode.

CONFIDENTIAL Ix=-35
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Pitch | | ‘ | o xg Hydraulic q
'Rate [—|-Amplifier : P°§i':‘irgna1 Servo or | Mrirame ——
' Gyro ~ Actuator |

- Figure IX~9. Block Diagram of a Typical Stability Augmenter

For the case where the rigid body feedback is due to /3 , the modifying

term has the form:

(IX-46) 7% = % %%

1

_' kﬂrn /( st-’avu
(IX=47) 24 (7,‘ms+/) ( +2._.u_—z P ) + ﬁ'&—”—s*/)
e (.),,‘ ‘ a.)_, ERVO (‘)“‘"0

Koo(To s +INB,s*1)s

zr 2&
(o:’,‘ Xo’ T ’)

By substituting 7&) for S , (IX-47) becomes a frequency response, and can

be represented as:

(Ix-48) | Y(a) %@ = RW) + 71 (:.))‘

‘A Bode plot of (IX-47)is shown in Figure IX-10,
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Figure IX~10., Frequency Responsé of Modifying Term ),
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At frequencies of concern in flutter- analysis » ‘the. phﬁgo.id is not imporbant.- “

The rigid body feedback mpresentation can then- Jbes a.pproximated by Pikurq II-ll-

-

B

i

3
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Figure IX-11. Simplified Frequer}cy' :R?sponsp'c;f. Hoa}fy:i:ng Tffx?. % ),’,’ .

For the case of the fuselage bending’ feedback due to /3 the a:l:rframe :
‘portion of (IX-47) can be replaced by the fuselage bending transfer function. |

Thus: . . . .- ° ..'- -
, S Kee * N 8 ‘. .
(Ix-h9) Y’ 7'; = Hyo ‘/ . . .
¢ 7 (7;"”5 /) (__z+21,,3+/.) o . o
ra e / A
Kscavo 3 k;‘ . “ .0
G e A Y .
\0:,,: ;(‘)sn'w /. “);a ,“)u_
IX-38 |
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: et
As in the previous case, the substitution of 7&) far s allows the transfeir
. function to be separated into its real and imaginary parts, A Bode plot of
ot (1X-49) .is shown in Figure IX-12.
(o}
b
- o oy
[
9
£ o
Y
s .ﬁ
L]
s -
Yo
90
. ol \

)f‘%z, Phase Angle in Degrees
T

-180}
|
o
-360+ .- ! I -
=550 LN
was_/ LN Wre
. _ Tus W sensor
. t . ' Log Frequency —»
- . Figure IX-12, Frequency Response of Modifying Term ); )/;z

The Bode plots shown in Figures IX-l1l and IX-12 are complete except for
the zero db line which establishes the syé:_tem gain, The over-all system gain
is a direct function of the gain of each of the component transfer functions.
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These gains are of course functioﬁs of the dynamical characteristics of the
particular system beiﬁé investigated, In the ger'ier'-gl'cas'e , ‘the gain car’ only’
be approximated. | a ' L

In the typical case under consideration in‘this section, the Bode plots for
the rigid body feedbacks due to © and ﬁ differ only by the location of the
zero db line 3 that is, the motion caused by a given deflection of either the
parent surface or the control surface will be the same except for the amplitude,
This is also true”for the case of the fuselage bending feedback. Thus

@)W , NW@) Y (G)) A BA (b)) , and % (&) L, (@) can be evaluated
for a particular frequency from Figures IX-li and IX-12 with the appropriate
zero db lines. Once the real and imaginary parts of these terms have been deter-
mined, they can be included in (IX-9). The magnitude of these modifying terms
compared to the classical flutter terms determines the influence of the stabil=-
ity augmenter system on the flutter system.,

The generic forms of the Bode plots for stability augmenter-flutter systems
using other t&pes of sensors can be inferred by inspection of Figures IX-10 and
IX-11, For instance, a system using a stabilized gyro rather than a pitch rate -
gyro would sense pitch angle instead of pitch rate. In the case of either the
rigid body or the fuselage bending feedback > the plots in Figures IX-10 an‘d IX-11
would be altered by the addition of a slope of -6 db per octave to each of the
asymptotes, and the entire phase curve would be shifted -90°., For example s the
Bode plot of Figure IX~12 altered to pertain to a system using a stabilized

gyro would appear as shown in Figure IX-13,
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Figure IX-13, Frequency Response of Modifying Term ) )
. for a System Using a Stabilized Gyro ¢

Exﬁressions that account for other types of feedbacks, such as hydraulic

valve motion due to cable system movement, can be developed in the manner used

.. in deriving (IX~-9).

The technique of modifying the classical flutter equations to account for

the presence of complex servomechanism systems has been presented.. Chapter X

will ,dévelop the mechanics of solving these modified flutter equations, i.e.,

the methods of handling RW)* 77 (&) modifying terms. The cases where feedback
path transfer functions become functions of bafir , thereby requiring additional

" degrees of freedom, will also be discussed.
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CHAPTER X

METHODS OF ANALYSIS OF SERVO-FLUTTER INTERACTION*
SECTION 1 ~ INTRODUCTION

This chapter considers the theoretical determination of the flutter charac-
teristics of a coupled servo-airframe system. - The method of attack is the
successive consideration of three increasingly complex systems. This approach
is chosen as being of particular value in gaining an insight into the manner
in which the servomechanism affects the characteristics of a flutter system. It
is believed that the method to be used here yields a practical appfoach to this
problem, without departing too radically from conventional methods of flutter
analysis. By pfogressing from a simple system to ones in which more complex
problems of interaction exist, a physical feel for the mmtual influences of the
servo and the flutter system may be obtained.

The three type 6f systems to be considered are:

1. Single degree of freedom, no structural feedback to servo input.

2. More than one degree of freedom, no structural feedback to servo
input. |

3. More than one degree of freedom, with structural feedback to
servo input.

In (1), the only degree of freedom to be considered is the rotation of the
coqtrol surface; no deformations of the control surface, the‘parént surface, or
other structures are taken into account.

In (2), the system is to be regarded .as h#ving, besides a degree of freedom
associated with control surface rotation, additional degrees of freedom which
e;préss any combination of the following: Parent surface bending and torsion,

fuselage bending and torsion, and control surface torsion. A None of the

¥Portions of the material contained in this chapter appeared previously
in Air Force Technical Report #6287. Special permission for its use here has.
been granted by Wright Air Development Center.
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‘additional degrees of freedom are to cause any éppréciable input to the servo. %EZE
In (3), the syste.. is of the type mentioned under (2), but moedified by
i /
structural feedback which provides an additional input to the servo, with no

specification as to how or where the feedback originates.

SECTION 2 ~ BASIC CONCEPTS
The flutter characteristics of a coupled servo-airframe system may differ
considerably from those of a conventional flutter system., A physical under- - -
standing of these differences is facilitated by the introduction of three
relatively new concepts:
1., Frequency Dependent Restraint
2. "Complex Stiffness"
3. M"Feedback Uncoupling"
In addition to their usefulness as aids to intuitive thinking, these concepts .
have a basic utility in analysis. It is worthwhile, then, to begin the develop- ‘i:)
ment, of methods of analysis with a discussion of these very important concepts.
(a) FREQUENCY DEPENDENT RESTRAINT
In the conventional flutter system, the resistance offered by the control
system to control surface rotation is considered to be that provided by a spring
of fixed stiffness. The definition of the control system is somewhat arbitrary.
x It has, in éeneral, several inputs, one of which is the control surface rotation.

The determination, either experimentally or by analysis, of a spring constant to

s

“ be uQed in the flutter analysis involves some sort of specification of all control
system inputs except the control surface rotation. Once the spring constant is
eatablished, it is considered to be applicable for any frequency at which flutter: -
may occur. The control surface thus has only one natural frequency of rotation,

and this natural frequency is invariant with the frequency of a forced oscillation

of the eontrol auifacé.
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For the more complex servo-actuator control system, this simplification is
generally not valid; in this case the effective stiffness becomes a complex
function of frequency. Why this is true can be seen as follows: Consider that
the control surface is removed and that the actuator is grasped at its conneé-

tion to the control surface horn and its output shaft oscillated with some

~ fixed amplitude and at a fixed frequency. The servo will attempt to hold its

output position fixed against the action of this load disturbance. However,
due to the nature of the servo system components (electric motors, hydraulic
fluid, distributed and concentrated masses and Springs), and to the fact that
the servo is én error-operated, closed-loop device, the force output of the
servo will differ from the disturbance both in amplitude and phase.

iﬁ general, the amplitude and phase of the servo response under the above
conditions will be functions of the frequency with which the load disturbance
oscillates. This indicates that the restraint applied by the servo system to
the control surface cannot be adequately represented by the fixed spring of
the conventional flutter analysis. |

As an example of the péssibly serious errors which might be introduced
into a flutter analysis when the frequency dependence of restraint is not
taken into account, corisider the following:

Suppose that a single value of rotational frequency is measured for a
given servo actuator--control surface combination, and that this is used in
a conventional flutter analysis. Then, unless the resultant flutter fre-
qnenc& is very close to the measured natural frequency, the restraint pro-
vided by the servo system at the flutter frequency will not be of the correct
amplitude nor in the correct phase to afford adequate control of the surface
at this frequency. It may actually occur that although calculations based on
this single measured Irquency indicate stable flutter characteristics, the

CONFIDENTIAL X-3
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system becomes unstable in practice at some other frequency. This will be the
case if the control system restraint of the surface at this other frequency is
sufficiently reduced, or if its phase is markedly changed, by the frequency depend-
ence.

It will be noted that both amplitude and phase changes as a result of varying
frequency were mentioned in the preceding discussion. If only the amplitude were
affected, the servo—actﬁator system could be regarded as merely a variable spring
constant. However, the mention of variation in phase with load disturbance fre-
quency implies that damping (positive or negative) occurs; that is, tha#:thf‘ .
system contains an energy dissipating or an energy producing”deyiqe. The mggp;tugq
of the energy absorbed, or éupplied,_will also in general vary with fgequency.;

Pt

(b) "COMPLEX STIFFNESSY

The second concept to be introduced is that of the "complex stiffness' of the

control system. This is a quantity which can be used to‘descr§be the properties“
of the control system from its input (or inputs) to the point at which the gctﬁator
is connected to the control surface. It may be defined as the steady-state reac~ ‘
tion on the control surface, exerted by the control system, due to(qgnprolnsqrface
motion at fixed amplitude and at a fixed frequency., It is assumed in this defini-
tion that there is no input to the control system other than that due to the}squ ,

face load disturbance. Since the servo itself is an error-actuated, closed-loop

device, it will have an output to counteract this load distuébgnpe,'but this will

in general differ in amplitude and phase from the disturbance. The complex stiff-

ness thus has a real and an imaginary part, each of which is a function of the

frequency with which the surface is oscillated. L

The complex stiffness of the control system can be experimentally determined

on the ground with the control system actuated only by the control surface motion.
S P
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Control surface inertia and aerodynamic forces play no part in determining the

complex stiffnéas. By using the hconcvept of complex stiffness, analyses of

‘conventional and of servo control systems can be performed in the same general

way. The stiffness characteristics of the control system can be evaluated in
a routine manner. With conventional control systems, the natural frequency
can be measured. With the servo type system, a single measurement of natural
frequency is not sufficient, but the characteristic for this type can be
determined by a frequency response test., Calculated or measured stiffness
characteristics can then be supplied to the flutter specialist in much the
same way that basic weight or stiffness data are now supplied.

With the approach discussed above, the servo engineer need not become a
flutter expert, and the flutter engineer need not become a specialist in cal=~
culating the effective stiffness of a control system of either conventional
or servo type. Each can concentrate on his own phase of the theoretical
investigation and use his experience in his own field efficiently. Their
activities correspond to regions of the physical system which Join at the
connection of actuator and control surface. '

(¢) "FEEDBACK UNCOUPLING"

The third concept concerns a method of attack for the case where feedback
arising from other degrees of freedom may, through the servo actuator, result
in control surfacé response, The input to the actuator may result from elastic
deformation of cables or bellcranks, from inertia forces due to concentrated
masses, or from the response of sensing devices and servo transducers. Actuator
inputs may thus attend an elastic or rigid body degree of freedom in flutter.
Hence, if a certaLin actuator input results from a given degree of £reedqm,
whether 1t 1s wing first bending or sirplane yaw, this particular input is
#’mciated with a fixed shape of the deflection distributibn over the airframe,

CONFIDENTIAL X-5
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which in general does not include eontrol surface rotation. The resurt ie that ({:)
the control surface, because of its fixed position (i.e.,/3 C) ), is sub jected
to actuator imposed forces (or moments) as a consequence of feedback.‘ The forces
which thus arise from a given degree of freedom (such as wing torsion) are then
capable of domng work in the control surface degree of freedom., This ie anelo—
gous to“structural coupllng between two generalized coordinates; |

To achleve what is in effect feedback uncoupling, it is necessary ﬁo con-
sider the previduely mentioned wing torsion degree of freedom as includieg eon-
trol surface rotation of such relative magnitude and phase as would be deter- ,
mined by the condition that the actuator foree applied to the control surface |
is zero, |

Figure X-1 shows simple systems which exhibit these characteristics. Metion

is restricted to control surface rotation and parent surface bendiﬁg (or trans-
lation). | | | O\’

. ¥Jf——-—-Deflected

] 7 -
h -C:f——i Ar______~,£:j———Undeflected
WANMVVV
(a)
7"7,7—////7/7—//7’///////7/7////7//////I//]/’//
T - O -3 T
h < > i7\—--—De1‘.1.ec'bed
o~ — —_ —AC —
~ s

< Undeflected
(b) , ) , 3 N -

7)//////7"f/f///////7/1/11/1II///f?/ TAK A A and

[ 19

= R T —~J& Undeflected =~ s

Deflected

Figure X-1, Simple Systems

Figure X~1(a) represents the general case of a more conventional eystem, or,
more‘explieitly,'tﬁe case whefe'the/eohfrbi surface 1is not subjscted to internal (i:)

. 3
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forces (or moments) due to bending of the parent surface. In this degree of
freedom, there is no rotatioh L. l’ It should be noted that this system is also
r’epreéentative of the case of a servo actuator with no reedbacic.

Figure X-1(b) illustrates the effect of feedback. As a normal consequence
of the conventional type of bending mode /» (no rotation & ),.the contx»:oi sur-
face is subjected to an internal moment due to the stretching of the attached
spring. This is similar to the case where bending motion results in actuator
inputs, and hence actuator imposed moments on the surface.

Fig'ure X—l(o) illustrates the case shown in Figure X-1(b) except that the

bending degree of freedom / is altered to include a proportionate amount of

" rotation /3; such that the attached spring does not stretch. Hence, no spring

(or feedback) coupling occurs in the adjusted bending degree of freedom.

In the simple case shown, there is no phase angle between the bending
motion A and the rotation 5. for the directions indicated as positive in
Figure X-1. Also, the ratio of /5. to / is a constant and is independent of
the frequency of oscillation. However, in the case of a practical servo system,
due to the nature of the mechanical, electrical, hydraulic, and structural ele-
ments between the source of the feedback and the control surface proper, both
the amplitude ratio and the phase angle between ‘the degree of freedom wk_xich
causes feedback and the "induced" control surface rotation ,<9L are in general
functions -of the frequency of oscillation. |

In general, then, associated with a given degree of freedom ¢, is a con-
trol surface rotation ,6’,_ which is detemined by the condition that the
internal force a'ppiied to the control surface'is zero. Hence, G5; = /?5 P s
where /? is a complex function of frequency. /

It should be noted that, in accordance with current techniques of flutter

analysis, the ¢, degroo of freedom (e.g., wing second symmetrical torsion) is

L3
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fixed :Lnsofar as the shape of its deflection distribution :.s concerned and is
aseumed to contribute to the flutter .mode, regardless of the flutter frequenoy,
w:rthout chs.nglng :Lts shape. Therefore s use of this ooncgpt implies the need for
determining the relationsh:.p between the rotat:.on ﬁ’c and .the '~ deflectionv g /

for a fixed mode shape and any requ:l.red frequency. This is not a d:.ff:.culb prob--
lem if the major contribution to the servo 1nput J.S from a s:mgle sens:mg dence s
such as an accelerometer, beca.use the result of acceleration at the sensor loca—
_tion can be either calculated or measured, However, when the feedback is the
result of combined mert:xa, elastic, a.nd electrlcal effects and is dependent on
}both the deflection dlstrlbution a.nd the frequency, experimental determination

of the physical phenomenon represeniad by the symbol /? is d:Lff:Lcult.

As an example, consider the case where A, due to an elastlc degree of free-
-dom, say wing bending, is to be determined in‘a ground test. The control surface
is removed to meet the necessary condition of zero force at the horn. The servo
actuator is then connected to a light welght link which does not restr:.ct mot:.on
of the actuator extension. With proper instrumentat:.on s the actuator exte'nls:l'.on -
By and the,bending motion at a reference point on.the udng can be measured. Hou-
ever, except at the natural frequency of the wing bending mode, it is not possible
to excite the structure at frequencies much different from this natural frequency
and still retain the same wing bending mode shape. Tet, this is required if
compatibility is to be achieved between the resultant flutter frequency and the |
feedback contribution at the flutter frequency.
The difficulty mentioned above s however, does not necessar:l.ly restrict the

use of this method of attack insofar as the application of experimental results 7'
is concerned. Experimental measuremente can be ma.de at end near resonant fre- ‘

quencles, and a combination of caleulations and engineering ;]udgment can be used

to arrive at the character of /? st frequencies above and below the meaeured

.
f L R [ S b
. €. * &

frequency,
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The conditions of fixing the mode shape (if the feedback system is dependent
on it) and varying the frequency of oscillation can probably be realized in a
completely-analytical approach to the dqterminatiqn"of'fﬂ; as'a‘fungpiqn of fre-
quency. |

In the event that there are pressure sensing devices which influence the
servo action, | and hence the amount of feedback resulting from a given degree of
freedo;n.,' :tt niziy t.ae necessary to determine the function A; as a function of
dynamic pressure, in addition to frequency. In this case, there is the additional

-

complication that compatibility must be achieved between the dynamic pressure at
flutter and the feedback associated with the flutter conditions. To determine
R:; experimentally in a ground test, it may be necessary to measure B; at each

frequency for each of several typical pressures applied to the sensing device.

SECTION 3 - ANALYTICAL PROCEDURES

The basic concepts discussed in Section 27are used in the following analyti-
cal treatments of the three systems described in Section 1. o
(a) ONE DEGREE OF FREEDOM FLUTTER (NO FEEDEACK)

The one degree of freedom flutter case involving only rigid control surface
rotation will be considered. Structural twist of the surface is mosi cﬁnveniently
handled by congidering it as a separate degree of freedom. This is discussed in
Section 3(b).

In a manner similar to that employed in current flutter practice, a fic-

‘titious damping will be asauhod toiaxiéﬁ at the control surface horn.l The

amount of this danping roquired to naintain steady state osclllations will be

deternined. A negative valuo of this danping corresponds to an excitation, i.e.,
. ;o .

to the presence of a ficétitious "energy prﬁviding" device.A When negative values

result, it means that an exciter is neéosaary'to -nintain stoady state notion.

Hence, lacking this mitor, motion wéuld decay.w If positive values result, a

4 CONMDENTIAL . x-9

i




Section 3 ' . CONFIDENTIAL

daniper would be "rec;ﬁired; Hence, without this required damper, diﬁvergence'wili
occur. A zero value of this fictitious damping indicates that the system is
capabie of constant‘amplitude flutter without the benefit of either of these
fictitious devices.

Consider the case shown in Figure X-2:’

T\ Aerodynamic Hinge Moment
a . .

(

)

{ :

l_._.——-——-——'—— -~ ﬁ

~__Jg~ Torque Due to Control
System Restraint

~__1d4__# Torque Due to

Fictitious Damper
Figure X-2. One Degree of Freedom Case with Fictitious Damper
The torque due to the restraint of the servo control system as a result of

constant amplitude oscillatory displacemerﬂgs /3 can be expressed (in the linear

range) as

(x-1) T = AB

It is important to note that J, is the reaction supplied by the control '
system as a result of motion imposed at the control surface. Any servo input
‘that may result would occur due to reflection through the input system as a
result of contrbl surface driving motion. The infiuence of any feedback that
may result due to control eurface rotation only, for example s Feedback through

a sensing element atta.ched to control surra.ce, would be integrated within the

complex stiffnees discussed in Section 2(b)

X-10 - . CONMDINTAL
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The complex stiffness ‘K *-is in gernieral made up of real and imaginary.

parts. ‘Hente, \ BT SRR S —

(X-2) -~ A= /J,A = Ke * 7K
where

Ke = Kk(a))
(x-3)

Az ='K:'(‘¢))

The torque due to the fictitious damper can be considered proportional to

the amplitude /3 and, in the sense shown, leading it by 90°. Hence,
(X-4) L = 78¢c

where ¢ is some arbitrary constant.

If it is desired to consider the damping action as viscous, and the torque,
therefore, proportional to vélocity, it should be noted that for steady state
harmonic motion, 7/5¢ is replaced by ]'A)/S'C,. Thus, ¢ = ¢’ .

Inasmuch as the object is to find the value of ¢ required for steady
state oscillatory motion, the resultant flutter frequency will allow a value of
¢’ to be readily obtained. In- addition, here, the realistic case is consideréd
to hold for ¢= O ; hence, also for =0, Therefore, the concept of a damping

force proportional to amplitude rather than velocity (whether it is structural

damping or viscous damping), as employed in classical flutter analysis, need not

be considered reatrictive. It can be thought of as a convenient artifice

employed to obtain equations of a form which can be solved more readily without

necessarily sacrificing physical significance.

¥For the hydraulic actuator treated in Section 3 of Chapter 9, this complex
stiffness 1s denoted by C + c""

/’rcrAL
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The aerodynamic hingemomem.’dﬁe t .motai'on only is obtained from page 34 3
g Nez

ooy o o0 . L

of Reference . Integra.ted over “the® spag, Sor tondtant 2 distribution, the total

aerodynamic hinge moment is ° .
2.
(x-5) I = O

where
2
= 10 [b*[[o- (B + T )c-e) + B (c-e) Jdx
The equation for the one degree flutter case is obtained by the use of
Lagrange's equations,
jOt
where &5 =/3 ¢

ot =1 a2
Kinetic energy = ﬁ / ];de

Potential energy=0 (Due to the absence of structural deformation in bhis
degree of freedom)

Work done by external forces due to virtual displacement, 5/9 s is
(- -T)%

The resultant equation is

(x-6) DB [Tdx -+ G+ = O

or, substituting (X-1), (X-2), (X~-4), and (X-5)into (X~6),
(x=7) -5 [Ldx +6 (Ket 7K;) * e - p0R=0

A different measure of the ,fictitioug damping will be introduced for con-
venience. The relationship between this new damping g, and ¢ is

(x-8) % -,%

X-12 ... CONMDENTIAL
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It should be noted that for ‘KR>O » the dquantity g, has the .same Rhykical mean-
ing as has ¢ , . B °

Substituting (X-8) into (X-7) and-dividing by a)p , thé equation for the )

one degree case becomes : ‘ . . . .
(x-9) 5 - %04+ 54)r0 =0 ' . '
Y Q)l 79,9 - .. .
where . h o
L= [hx L )
Kr .
- —= 4 . ° .
9,, KR go . .

Equation (X-9) is, of course, essentially no different n:oni the 'mor.e- famil-
iar control surface one degree of freedom equation (see 'pagé 63 of Air Corps °~
Technical Report No. 4798), inasmuch as a concentrated real sprmg of stiffness.’ °
K. is equivalent to writing “)p .Z;r . Also, for ?0 O K,/ Kq is pquivalent

to the available structural damping. . .’ . .
A solution of (X-9) is accomplished by solving for values of K /a) and

g that are required at each value of /e ., From a kqow'ledge of thg char- .

acter of Ap as a function of @, the compatible value of @ reﬁul'lgs. From

this value of &), g, can be obtained by subtracting the’ availa.b]:e amount o.f.'

damping (i.e., A/ Ke ) from the required value g . The cof;:e;pén;ﬁng air-

. " . .o

speed is obtained at each /&) by using the compatible vaIue of a) By taking
enough values of /A4, a plot of g, vs., V can be made in.the usuaél. manner:*  * ¢

The flutter speed will occur when g°= . The detailed p::ot:edure is

described below: ' . .: . AN . -.a.
o ® . 2 . b

1. Obtain plots of /a) vs. W and K /Ky ve. & bir calculation, Jmeas-t ¢

R .,o.o
L3 .

urement, or any other means desired, . .

CONMDENTIAL -, X13
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Select a value of v/b@ , This fixes the complex number @=Q,*7@r .
-3 Gompute .the requ:.red value of K, Je? from (X-9). This value is equal
c . to.Z/', + QR + Compute’ required value of gy from (X-9).

1. L. From plot.; of K;./a)z vs. @ , pick off value of & at which the required

. . each valye of «)'. °In general, there will probably be an odd number of
b solutions,) ’
" 5. Using this value of. @ , read the value of K. /A, that is available
" from-the plot of Ky /Ky vsedd .
6. Using this value of A; / Ky and the required value of ¢ , compute g, .
7. Obta.i..n corresfpgndir.lg yaiue of V from V/bo , b , and@ .
8. Plot the valﬁes of ¥ and g, on a plot of g vs. V . If step (4)
. resulted in 3 solutions, there will be three points on this. plot.
9. Repeat -steias (2) thre:ugh '(8) for several values of v/b@ .,
° 10, Pick .oi‘f flutter .s.peed ;'rom plot of g, vs. V at poi;xt corresponding
. . to g°=.O in the .d.sual manner. At speeds corresponding to', negative
. . values of g , the system is stable, At epeeds corresponding to posi-
’ t:.ve values of g, .» dlvergent flutter will result. ‘
(b) TWO DEGREE OF FREEDOM FLUTTER (NO FEEDBACK)
. The one degre,e ‘of freedom flutter case. discussed in. Section 3(a) will be

A e .. Y
extended to include any other'elgstic degree of freedom. (Note: The addition

of a rigid body deg‘re.e of freedoﬁ, e.g.s airplane piltching, does not necessitate

.8 change in the character of the solution for the one degree case.)

. The met.hod of solu'bion of. the flutter case involving more than two elastic

" degrees of freedom (no feedback) is discussed in Section 3(c).

TR " CONFIDENTIAL
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The two degres case treated hers will consist ofs

a, Contrgl gur.fa;_e rotation (as a rigid body) due to contxfdl syatem

 elasticity (i.'e., servo elastj.éity).

b. Any other e‘ié.sfic de‘gree of freedom, such as parent surface '(o_rr

fuselagé) beﬁding or torsion or control surface structural torsion,
It is assumed that deformations in this degree of freedom do not give
rise to servo inputs. The feedback case is discussed in Section 3(d).

It should be noted that attempting to account for control surface structural
torsion by combining it with control surface rotation as a coupled degree of
freedom is not recommended for the foliéwing reasons

The implicit assumption made in using the coupled degree of freedom is
that the ratio of the magnitude of the structural torsion degree of free-
dom to the magnitude of the rotational degree of freedom is constant for
all (flutter) frequencies, This assumption does not hold for the general
case and could lead to more erroneous results for the servo case than for
the convgntionél case, depending on the nature of the frequency dependent
stiffness charag#éristic‘of the control system.

However, sufficient experience with practical systems may lead “bo_ the gen-
eral conclusion t‘hat' a coupled degree of freedom can be employed in an analysis
involving a servo with a tolerable error in results. Until such time, however,
it appears that a theor_et_«ical investigation of a flutter mode which may involve
a variation in /0 along the span of the aerodynamic control surface, arising
from structural torsic;n of the control surface,* is more likely to yield real-
istic results if the structural effects are included as a separate degree of

freedom (i.e., rigid control system).

% This is to be distinguished from the well known phenomenon of a variation
in B resulting from structural torsion of the parent surface alone. This effect

~can be included in the usua.l manner.

' CONMIDENTIAL X-15
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A parent surface bending degree of freedom will be added to the one degree ®
case of Section 3(a) with the understanding that the analytical procedure that |
follows is general for any additional flexible degree of freedom. Then, from

“page 61 oif“Aiz;QCBrps, Technical Report No. 4798 the foilowing two equations

result:
‘ Ah.o * .E-ﬁoew;’ =0 ’
) Gh+ Ip e’ =0 ’

where, from page 63 of referenced report, for n=0 , and £,2/ ,

2 . L [N ‘
(x-10) A= '[/ - (-‘i)’i),(n 7‘9‘,,)] ﬁ/ﬁf dx +mp / L, b4 dx

_ 4 -
@-11) =[G fdn +mp [ e~ Le(c-e)F R ax
1 L
— Ly L4 3 Q}
(x-12) G = [ Sefdx + mo L/ [7, - Ble-e)]s’%dx

1
and, for the case considered ,here,'_f is given by (X-9):
(X-13) 7= --/-(—&*(/; ig.) +
For the determinant to vanish, it is required that
@y 1-ZE
2 - , \
Now, for a given airframe, and at a fixed value of /b -, the fol_lowing

terms ca.n ‘be represented by fixed vectors. Then, letting

(x-15) V=1 *+Q

X-16 '~ CONMDENTIAL
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(X=16) ,=GC

(%=17) V= — [’ , ek A bzﬂtdz:l

LA

and substituting (X-10), (X-11), (Xx-12), (X-13), (X~15), (X-16), and (X-17) in
(x-:ul‘),

The solution to (X¥-18) is obtained by finding the frequency @), at which
compatibility is achieved between the required value of X, / @° , represented by
the real part of the vector l{, and the avallable value of /(,?/a)2 o Then, in
the same manner as for the one degree of freedom flutter case discussed in Sec-
tion 3(a), the required value of s is compared to the available value of
/(,/ K, at._this compatible frequency. The difference between % and K, /K P
represents a measure of the stability or instability at this value of v/ba) 3
and; hence, at the associated airspeed.

Now, for a given value of &), , and a selected value of g, , (both being
fixed characteristics of the known airframe) the right hand side of (X-18) (i.e.,

the vector J, ) would be a function of&) . Also, the available value of A ,

in general, would be a function of @) « Therefore, it is clear that, unless
Ke can be conveniently expressed in terms of &), the required solution will

involve either a trial and error procedure or a graphical procedure.

CONFIDENTIAL I-17




gt o e : . i P . = * .t S 1

Section 3 .. ..CONFIDENTIAL

Furthermore, if &), is not definitely established (s.g., during the early @
design stages or for a general study), or if the na.ture( of /(R changes as the
» design progresses, it may be necessary to repeat a major portion of the work
for each change of &), or K, . With this in mind, it would be desirable to ‘
obtain results which are essentially independent of the magnitude of @, or
¢ of the nature of K; vs. &), and which, for a minimum of additional labor, could
be translated into results corresponding toa. specified wvalue of a),, or »@a;.spec:l"-,
fied character of Ay .
| The following procedure, which consists of three stqp?', is pre;"ejnted a‘sj
one manner in which the above n;ight bé a_c!iie,vec}. A o
Step 1 |
For a given value of U/b&) , and at an assumed or specified value of
- structural damping, 9 calculate the vector l{, for several values of ==~ . .
(')h/“) from (X-18). This could be accomplished in more than one way. A - | : 7 O
graphical method could employ the Bleakney circle which is discussed in " o
Air Corps Technical Report No. 4798. The real part of |, represents the
required value of K,/w’ ., and the imagiiary part of V, divided by the |
real part of L{, represents the required valu.o, of % ngcu'aaz-_y £9r,'co'n-“ |
stant amplitude flutter to occur at each value of &), /) . Repeat for as - |
many values of u‘/ba) as deemed. necessary, C .
' These results are then plotted as shown in Figure X-3 where curves -x?epreQ |
. senting results for two values of »/b@ are shown, ‘ \
These plots of roquifod values of A Jo? and ¢ » once obtained, are
 fixed, | | |
The second step is independent‘ of the first step and is limited to the |
 determination of the comﬁlex stiffness as a function of &), | o

X-18. f ~ CONMDINTIAL
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Figure x—3 °

Step 2

Determine Aj /a)z and A/ K, as functions of @) . These characteristics
of the control system might be de’t,ermined by analysis, L by expermenta.l

means, estimated, assumed, etc.’ In any event, these functions, which are

K Numerical subscripts dencte partn.cular values of u’/ b/,,

#* The expression for the complex stiffness for a typlcal hydraul:.c actuator
-is dev010ped in Section 3of. Chapter IX.

CONFIDENTIAL X-19
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then plotted as shown in Figure Jﬁ-h, are intended to represent the available <y N
t Y
values of /(,z/a)e and A /A, .
Kr
Wt
|
LS
Kp
)
& ——
Figure X-4,
Step 3
In the third step, the plots resulting from Step 1 and those obtained in .

Step 2 are combined in one special chart, This chart allows for the nec—
essary compatibility to ‘be realized between the required value of Kj / a)z,
the available value of Ke /u)t", the associated value'ofg) , and any speci-
fied value of ), . The corresponding values of % :,:((,f\/A’R » and V are

PR

read directly from this chart, =~

2
}

i
.

I

#

i
.
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This chart is made up of four basic types of curves as illustrated in
Figure X-5. These are as follows: A

Type (1) curves are shown as solid lines. They are dependent only on the

ordinate scaie, and consist of: | |

1. A single hyperbolic curve which is a plot of @ vs. //& . This is
shown in tﬁe left center part of the chart.

2. Straight lines, each of which represents a fixed value of @, . These
are located in the right cex;ter part of the plot. (Only one is shown
in Figure X-5 but any number may be drawn). The tangent of the angle
between this line and the vertical is equal to &), multiplied by a
constant which. is determined by the relative scales of the a),, /a) and
//& ordinates,

Type (2) curves are shown as solid lines. These are results of solving
(X-18) (i.e., plots obtained from Step 1). One of each of the following 3
curves for each value of v/b@) . (Only one set is shown in Figure X-5,

but curves from all values of uv/h@ may be drawn on the same chart).

1. Curve of( Ky / a)?) vs, (4),, / a)) . These are located in the upper right
hand part of the chart.

2. Curve of g, vs. (W), /(.)) . These are located in the lower right hand

/4
part of the chart.

3. Straight line of / vs. «) . These are located i;x the left center part
of the chart. |

Type (3') curves are shown as dashed lines. These are characteristics" of

' the control system (i.e., plots obtained from Step 2):

1. Curve of (K, /) ve. @ . This is shown in the upper left hand part of

the chart, o R

CONFDENTIAL X-21
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2, Curve of K /K, vs. @ . This is shown in the lower left hand part of ‘f\p
R w\k‘
the chart.
NE
wE

/
/ -+
/ v
e (bwl
/
7/
yd
—_— -~ Wy
- 0 o —
—_— o —_\:_“ .
— P
- ( ph)
(V
A Yo ¢y = Constant
1
{7 1_1_
w

Figure X-5. Chart Showing Procedure for Constructing "Compatibility Curves" @
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“

m , Type (4) curves are shown as dashed lines, These are "compatibility curves",
one for each value of U'/b(.) , and are located in the right center part of
chart. (Unly one is shown):

1. Curve of (&) /) va. (I/w). & point, the locus of which describes this
curve, is located by straight line projections which form an imaginary

» réctaﬁgle- between the ( A, /6)2) required curve, the (A, /a)e) available

curve, the hyperbolic curve, and the point in question. An example of
the procedure followed in locating any one point on this curve is shown
in Figure X;5 .

The procedure which, for a given value of &), , yields values of the airspeed

T

Vs the required damping Do » the available damping A; //(R , and the associated

frequency @ , for each value of U’/b(-) for which compatibility is achieved, is
as follows: (Note: There may bé more than one solution as mentioned in Section

C\ ) 3(a).)

G For curves corresponding to v /bs), (see Figure X-6),

1. First proceed along line corresponding to desired value of “)A to
intersection with "compatibility curve! shown as point "a' on Figure
X-6.

'2. Project vertically down to intersection of g curve (point "b"), Read
.value of A

3. From point M"a", project horizontally left to intersection of hyperbolic

* curve (point "c"), From point "¢" up, read &) .

L. From point "e! down to /(I //(,(, curve (point "d"). Read available
K./ Ap value, .
5. From point "c" down to airspeed (straight) line (point "e"). Read

value of V. |

CONFIDENTIAL X~23
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— i
- Kr
a / / KR
/ / gF “b” /\
_ + _ '
— / 2 —’\
K
Kgr
Figure X-6, Chart Showing Procedure for Obtaining Results
Corresponding to a Unique Value of “)b
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() . Repeat steps (1) thru (5) for curves corresponding to (v/ b“))e ; (Lr/ba)')s ’
. -ate,
Now, for sach value of U/b& , corresponding values of V , Iy s Kz /K s

and 4) have been obtained., As previously mentioned, more than one set of these

values are possible for any single value of J/4&) .

» The fictitious damping, g is found from (X-9) to be
Kz
g = g -
- ° 7 KR

At this point a plot of V vs. g (for fixed value of &) ) can be made

as showri below.

|
f |
% |
Speed Range Were Negative | '
_ «— |Additional Damping (i.e., excitation), +f Speed Range
( ) is Required for Flutter When Additional——
— : Damping is Required
+
Speed at Which Flutter
Would Occur for Existing
System '
) Figure X-7.

It should be noted that:
1; An arbitrary change in the value of &), requires a relatively small

amount of ldbér to obtain a corresponding V vs. g, curve.
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Section 3 CONFIDENTIAL

2, A change in the nature of the Ae lavailable) curve requires the con-
struction of new "compatibility" curves, but the curves resulting from
the analyses remain unchanged, In this way, several prints of the
chart in which Type (3) and Type (4) curves are excluded could be made,
Then the effect of changes in the nature of the complex stiffness (i.e.,
A, and A; ) could be obtained graphically from these charts with a
minimum of effort. |

(¢) THREE (OR MORE) DEGREES OF FREEDOM (NO FEEDBACK)

The three degree of freedom flutter case is a normal extension of the two
degree case discussed in Section 3(b). The additional labor required to include
the third degree of freedom here is comparable to that required in adding a
third degree of freedom to a conventional Bleakney circle analysis,

A parent surface torsional degree of freedom will be added to the two
degree case of Section 3(b) with the understanding that any flexible degree of
freedom may be added and the same procedure would still apply.

Page 61 of Air Corps Technical Report No. 4798 gives the following three

equations:
x = 3 = . ¢
Ah + B, é%+Ca7d% =0

oc, i* + f_.ﬁoeﬁ” =0

S
Ity

h, *+
Gh+ Hed®+Igé% =0
Page 63 of the same reference gives the equations for A > E ’ _Q_ ’ D ’ _éT >

F 4G, andH. These will not be repested here, The equation for 7 1s given
by (1-13). |
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For the determinant to vanish, it is required that,

(F=19)  I=- Z. S (~ - 5_5) A
\ F- L2

This is a more complex form of (X-14). However, by specifying values for
% 3 G » @d(W),/a)), (X-19) can be written as follows;

: K .
am ] dn] -

where, for a fixed value of(V/ba), the vector V. becomes a function of (), /&)
or(a) /@), whichever is desired, Then from this point on, the procedure is
1dentical to that outlined in Section 3(b) for the two degree case, The essen-
tlal difference is that the evaluation of V- is more laborious, One graphical
method of computing l,. is by the extension of the Bleakney circle method to

include the third degree of freedom whereby the term (asee (X-19))

.
£-3

becomes a vector which is added to the vector obtained from the Bleakney circle

Plot for-a given value of (f-)/;/&)) or(_/u). This is a well known method of
solution for a case of this type and will not be discussed in detail here,

The extension to more than three degrees of freedom is, of course, even
more laborious, but the same procedure will still apply,

The foregoing has been concerned with the case where specified magnitudes
of the structural frequencies were not required until the major portion of the

_work was completed. In this section, however, the ratios of structural fre-

quencies relative to.each other are necessary. In the event that all of the

CONFIDENTIAL | x-27
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structural frequencies are known prior to any analyses, the chart would Qotobe

°
e ©
(-7 ° °

required, and the solution would become somewhat more direct., o ©

5]

(d) THE FLUTTER SYSTEM WITH FEEDBACK o

. ®

The equations for the system in which motion in a degree of freedom other

than the control surface degree of freedom results in feedback coupling through

the control system are developed by employing the concept of "feedback uncoupling"

discussed in Section 2(c).

The feedback terms, i.e., K; , employed in this treatment are taken as those

which do not involve aerodynamic couplings; hence there is no functional depend-
ence on the reduced frequencycc/ZaJ. As an example, consider the two cases
described in Section 1 of Chapter IX. In the second of these cases, torsion, ¢,
causes a change in the aerodynamic moment on the aircraft and hence accelerations
which are detected by a sensor and in turn result in actuator inputs. If the o<
degree of freedom involves no motion of the fuselage (e.g., cantilever torsion of
wing or stablilizer) and if the accelerometer or bobweight is located within the
fuselage, then no actuator input is directly associated with the X degree of
freedom. However, if the o< mode is a free-free symmetric mode involving fuselage
pitching or a coupled mode involving'any fuselage motion, there is a direct
relationship between accelerations at the sensor and the torsion «. Then, any
actuator input arising from sensing elements within the fuselage is associated
with zero airspeed modes involving fuselage motion (i.e., airplane rigid body
pitching, translation, or roll, fuselage flexible modes). Also, if a sensing
element is in the wing, any actuator input resulting from sensor excitation is

associated with only those degrees of freedom involving wing motion.

X-28 CONFIDENTIAL

}AZQ

b
Yo




O

CONFIDENTIAL Section J

Associated with some degree of freedom (e.g., fuselags side bending) is a
control surface rotation & which is determined by the conditiféx}xﬁha,t zero
torque is transmitted to the control surface by the actuator. |

" The ma.gnitﬁde of /8, due ﬁo the feedback which arises from this fuselage
si'de‘bending mode is not influenced by control surface inertia effects, (Note:
In actual practice, the feeciback terms could as readily be cbtained, either
analytically or experimentally, with the control surface attached., However it
would then be necessary to exercise care in grder to eliminate certain of the
inertia coupling terms in the final flutter equations,) With this in ﬁind, a
procedure for analytically determining the A; functions from the transfer func~
tions discussed in Section 2 of Chapter IX would be as follows:

Equation (IX-4) is

() MY Y
Equation (IX~9) states that, in general,
@2) W) = [Lo°*G W)
Equation (IX-6) is written here for only the / degres of freedom,
(x-23) =

=%

In accordance with the requirements for A: (i.e., M,=O and no surface
inertia effects) the above three equations, when combined, yield the following

expression:

%
n R

Lol _Eh .
(x=24) y —/;,L C,lo @)
%

where, the
upon W’/b(.) o

1o

function required to obtain the A, function 4s not dependent
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(e) mO DEGREE OF FREEDOM FLUTTER WITH FEEDBACK
The two degree case considered in Section 3(b) will be used as an example,
The additional complication due to feedback 1s that the bending degree of free-

dom is allowed to include some control surface rotation /3, » such that

(X—25) ﬁ/, = R/, /?o

(Note: B, is a constant along the span of the control surface.)

The total angle, 5, due to these two degrees of freedom becomes

(x-26) [ = Ryh 44,

Now, in lieu of proceeding through the mathematical derivation of the
flutter equations here, they will be obtained by inductive means, This proce-
dure will often allow equations (or flutter determinant elements) for systems
with more degrees of freedom to be obtained more readily.

Referring to (X-10), (X-11), (X-12) and (X-13) and writing them in deter-’

minant form as follows:

Work Done by: h /3 Degree of Freedom

|
|
|
Work Done in: :
I
|
I
|

(x-27) i ' h FZ C
Degree of /[ E o I
Freedom A — = -

It can be seen that each element represents the total work done in a
particular degree of freedom by a particular degree of freedom (q.g., z repre=
sents total work done in the /) degree of freedom due to forces arising as a

=30 © CONFIDENTIAL
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result of 4 motion,)
Now, _.:[: repregents the work done by
1. Inertia torque
2, Aerodynamic torque
3. Actuator restraining torque (i.e., strain energy)

—

By separating (1) and (2) from (3), I can be written as,
(x28) T=I-5
where from (X-13),

(x-29) I'=1IL +@Q

and

(X-30) S = %;-(/ *7g,)

Hence, [ ’represents the work done by the inertia and aerodynamic torques
only.

Now, inasmuch as the "adjusted" bending mode due to feedback consists of

1. The bending mode as represented in (X-27)
plus

2. 8 motion equal to A 74, .
and, inasmuch as this /@ motion does not include any actuator restraining
torque (due to required condition that this torque be zero); it follows that
the work done in the "adjusted" bending degree of freedom by the "adjusted®
bend:i.hg degree of freedom would include a term, A}f I " This term arises from
work done by the /3 compotient of ‘/7“,]‘ in the ,ﬁ"portions of the hﬂf degree
of freedom, " 8imilarly, the work dOnQ'by* the (3 component of /7&47» in the /7°

- L e " CONMDENTIAL X~31
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portion of hady‘ would be represented by &, C (see X-27). Also work done by
the 5, component of hadj in the /9 portion of /7,4;]- is expressed by /\’,,é— ’
etc, ’

Extension of this reasoning allows the determinant elements for the case
represented by (X-27) with the addition of feedback to be written as

A+ RE+E)RI T T+RIT

|
|
®31) | ———————— - —— - =0
| |
|
I

For A,=O , the above determinant becomes identical with the "no feedback"
case represented by (X=27).

It is worthyof note that the determinant elements for the case with feed-
back can be written by combining the elements for the "no feedback" case as
shown in (X-27) and (X-31)., This is advantageous in that if the determinant
elements (for a given value of v/h@) ) have been calculated for 2 "no feedback
case", the additional work necessitated by the inclusion of the "induced" 3 ,
due to feedbacik, is not p;'ohibitive (for a specified value of A’,, )e
by (X=-31), each of which requires a different procedure for solution. These
are as follows: ~

1. /\’b does not vary with frequency, &) .

2, The general case where A, is a function of frequency, @ .

3. The case where flutter of the two degree of freedom system represented ‘

by (X-27) exists, and a "beneficial feedback," sufficient to stabilize
‘this flutter mode, is desired. |

X=32 B - T CONFIDENTIAL
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For the case where A, (a complex number, in general) doss not vary with
frequency, a solution can be obtained by following the procédure of Section

3(b). The essential difference is that the determinant elements on the right

hand side of (X-14) would be replaced by those shown in (X-31), For a known
value of K, , the additional terms can be readily evaluated.

This case can be thought of as a control surface which is geared to parent
\s‘ur:t‘ace beriding by a linkage with a (complex) gear ratio = /?,‘,. o The chart dis-
cussed in Section 3(b) would be applicable here, |

The general case in which the magnitude and/or phase angle of the vecter
K), may vary with the frequency of oscillation requires that an additional con-
dition be satisfied; namely, that compatibility be achieved between fhe fre-
quency associated with the value of A, used in an analysis and the frequency
resulting from said analysis, |

Three slightly different procedures for solution are presented, They are
all similar in that they require more computations than do any of the previously
discussed systems. Each of these proposed methods requires that diﬁ;?erent coim-
binations of three of the following five characterisfics of the structure be
known prior to solving the flutter determinant for the remaining two character—
istics, These five characteristics are:

1. The real part of the available complex stiffness (i.e., K, ) as a

function of & .
2. The imaginary part of the available complex stiffness (i.e., ;) as
-a function of @,

3. Both the real and imaginary parts (or the magnitude and phase angle)

| of A, as a function of @,

4e The value of the bending fréquency, @), .

"~ 5+ The vaiuql of the available structural damping coeffic':le'nt', g o

CONMDENTIAL - 1-33
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Method 1.

The object is to solve (X~-31) for the value of S (i.e., K;/ «? eand 9 )

required to sustain constant amplitude flutter. The procedure is as follows:

x-34

Here, it is required that characteristics (3), (4), and (5) be known.

1.
2,
3e

be

5
6.

Select a value of v/ba) o Compute aerodynamic terms,
Select a value of &) » (Note: This fixes A and A, .)
The only unknown left in (X~31) is S . Solving for S yields the

CONFIDENTIAL

value of K,/w® and the value of g, required,

For the same value of u‘/ ba), repeat Steps 2 and 3 for several values

of & «

Repeat Steps 1 thru 4 for several values of u/b&.

Plot the results as curves of KR/(.)Z vs.w and ¢, Vvs. & for each

value of U/bw (see Figure X-8),

Kg
W

|

™~

N N Available
\

e
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When characteristics (1) and (2) are obtained, either by analysis,
measurement, estimation, etc., plot them as shown in Figure X-8
(shown as dashed curves). Intersection of the curve of available

K, /& with the curves required Kp/w"® determine points at which com-
patibility exists. Associa:bed values of ,‘g;, are obtained from corre-
sponding curves of g, required.

From the resultant values of @(-V), g, required, and A; /Ky available

a plot of ¢, (see (X-9 ) vs, ¥V can be made in the usual manner.

One advantage of this method over the following two methods is that the effect

on the flutter characteristics due to arbitrary variations of /(R (available)

and/or A, (available) can be found with a small amount of additional work.

Method 2.

"Here it is required that characteristies (1), (2), and (3) be known. The

object is to solve for the values of “)h and g, required for flutter to occur.

For this method, the fictitious damping, g , is not allowed to exist. Hence,
% = (K:/Kg) or

S =

()0 7 5)
a)i’ /+] KR

The procedure follows:

1.
2.
3.

e

5.
6.

Select a value of v/bh@) « Compute aerodynamic terms.,

Select a value of @« (Note: This fixes S and R, ).

The only unknowns left in (X-31) are &), and g, « Find values of &)
and g, required for the determinant to vanish,

For the same value of U’/bé) , repeat Steps 2 and 3 for several values
of @.

Repeat Steps 1 thru 4 for several values of u/ba.

Plot the results as curves of &), vs. & and g, V8e @) for each value

of u/ba . (See Figure X-9),

X35
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7. For a fixed value of &), (shown by single dashed line in figure shown
below), the resulting intersections with the curves of required Qf’.
yleld compatible values of &) . Associated values of g, are obtained
from corresponding curves of g, required.

8, From the resultant values of (J( V) and g, required, a plot of g vs.
V  can be made. Intersection of this curve with the available value

of % indicates the flutter speed in the usual manner,

o

Figure X-9 .
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One advantage of Method 2 over Meﬁhod 1 is that the variation of flutter
speed with bending frequency (for the same bending mode shape) can be found
without toe much effort, In prac‘bice s however, this is not likely to prove
very useful for this typs of problem unless a preliminary study is being made
wherein /), , A, , and A, functions are estimated.

Method 3. |

Here, it is required that characteristic (3) be known. In addition, the
ratio of characteristic (1) to charaét_e'ristic (4) is necessary (i.e,, KR/a)f
as a function of @), Also g, and g, are each represented by Gr o Let

®32) g9 =

s (B9 gy

The object is to solve for the values of &),/ and g, required for flutter
to occur. (This is similar to the Material Center Method of Air Corps Technical
Report No, 4798.) The procedure is as follows:

1. Select a value of J/Aw . Compute aerodynamic terms.

2. Select a value of &). (Note: this fixes Ky/a)f and R, o)

| 3, Now, the terms 4 and S (see (x-10), (x-31), (X~32), and (X~33)) each
contain the unknown vector, (), /a)) ( /*+79.) « Solve for the values
of 4)/& and Ty o
ko For the same value of u-/ba), ‘peét Steps 2 and 3 for several values
of &,
o "5, Repeat Steps 1 thru k for several values of /b .
‘6. Plot the results as curves of ATIIN ve. a) and g,_ vs, @ for each
L value of v/bw . (Ses ngm x-10).

- CONMDENTIAL X-37
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N
o4 | | Wy=tan P— | U

¥
Figure X~10.
n
7. A straight line drawn from the origin of co-ordinates at an angle, ¢ R
- from the vertical (see above figure) represents a given value of 6')/; 4

(note: @)= 74¥ # )u The intersections of this Line (shown as.a dashed
line in above figure) with the curves obtained from Step 6 represent
soiutions for this value of @), +» At these intersections, values of &)
‘(and, therefore V ) are obtained. Associated values of g. are

obtained from the corresponding curves of g. Vs. &) e (,ﬂ‘b
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8, Plot V vs. gr + The intersection of this curve with g equal to

" the minimm available value of /( /H. or g, equal to the availsble
value of g, » whichever is less, should yield a conservative flutter
speed, It should be noted that if thena,vailable value of K;/Kg , for
all practical frequenc\ies s 1s not approximately equal to the available
Structural damping, g, , then either of the first two methods may be
more satisfactory insofar as obtaining results that are not unduly
conservative, |

One advantage of this method over the first two methods is that, for a
fixed character of the A, /a); vs., &) curve, the effect of scaling both A,
and a): (by the same factors), up or down, can be found in a few minutes,

In Section 1 of Chapter IX, mention is made of a flutter system stability
augmenter. This augmenter would be "designed into" the airplane so as :to sta~
bilize an otherwise unstable flutter mode by providing, in effect, a source of
"beneficial feedback", The design of a device which would be capable of pro-
viding a given amount of feedback that is required is another problem,

One possible method of determining the required amount of "beneficial
feedback" will be discussed briefly.

Suppose a two degree of freedom system (represented by (X-27)) exhibits
divergent flutter for a certain airspeed range and at associated flutter fre-
duencies. The required value of feedback could be found as follows:

1. Allow the existence of some feedback, A} .

2. Equation (X-27) would then appear as (X-31).

3. From the divergent speed range and associated flutter vfr'equehcies R

select a value of |/ and the corresponding value of & . 'I'ﬁis fixes
" the value of. J/bd . | o
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Let 'g;, and % be sufficientiy negative, (At most, less than the
available values), .

The only ilnknown then left in (X-31) is A, . Solve for A, . This is
the amount of feedback which, for constant ampiitude flutter to occur,
now requires more negative amounts of. g, and % than are available.
Therefore, the available damping would cause métion to decay.

Using this amount of feedback, establish that this mode, and all other
possible flutter modes, are sufficiently stable by using one of the
methods associated with Figures X-8, X-9, or X~10. It should be noted
that determination of A, vs.& will be necessary before this step
can be satisfactorily accomplished. This requires a knowledge of the

"beneficial feedback” path from sensing element to control surface,

If this "beneficial feedback" has an adverse influence on a different, and

otherwise stable, flutter mode, it would be necessary to relocate the "built

in" source of this feedback (e.g., a sensor) in order to obtain an optimum con -

dition.

Experimental verification of this desired feedback might later be realizgd

on the ground by measuring Ry,

(£) 'I'HREE DEGREE OF FREEDOM FLUTTER WITH FEEDBACK

For the three degree of freedom flutter case wherein ~2ch of the two struc-

tural degrees of freedom has a certain amount of feedback associated with it,

- the.e‘quations for the determinant elements will be obtained by an extension of

the method employed in Section 3(e).

The three degree case will consist of:

1.
.2.

3.

X-40

Any degree of freedom, © .
Any other degree of freedom, G .

A control surface rotational degree of freedom, /3 .
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Now for this system without feedback, the flutter determinant would have
the following form:

P19 1A

| o

ww  p[alsic
L SR U T R

g | o iE iF =0

___....._T-..._—;—‘--—-—p—-

g |6 =H izis_

| !

where, the equations for each of the determinant elements, A thru // would be
obtained in conventional fashion. J s remains unchanged.

The existence of feedback due to » and ¢ results in control surface
rotations ﬁp and ﬁg s such that

(xX-35) G = Rep

(x-36) - G,= Rz

Then the total rotational angle, 3. , becomes

(x-37) G =lept e tr

The "adjusted" degrees of freedom can be considered as

Pdy = 2 * Ly |

3

(x-38)
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_Hence, each of the "adjusted" degrees of-freedom 18 vomposed of motion

(A

represented by the original mode shapes (i.e., » and @ ) and some /3 motion,
Now, by considering each "adjusted" degree of freedom to he composed of two
parts (see (X-38), the' determinant elements for the feedbyck case can be written
by properly combining the elements for the "n§ feedback" yystem given in (X=34).
As an example, the correctior terms to the S element of (X-34) will be
obtained, The desired determinant element re;;resenﬁs work done in the 2 a9
¢ degree of freedom due to forces and moments arising from motion in the Zadj
degree of freedom. This can be divided into four parts as follows (see (X-38)k
1., Work done in p» due to ¢ motion,
2, Woi'k done in » due to /5; motion,
3. Work done in /.):b due to ¢ motion, -
L. Work done in &, due to ,6%_ motion,

From (X-34), it can be_seen that

)

Work done in p due to & motion = C (;D/J‘;)
Work done in & due to g motion = Hlg/3)
Work done in (& due to 4 motion = (r=sX 5743)

Therefore, inasmuch as /3 , ﬂg » and /5, motions are {dentical except for
amplitude, the above four portions of the "'a.d,justed” element become

B(rg) = B(pg) = Blrg) h o ,
C(78) = Clpkyg) = CR,(7g) o

k Hig/) = Hghor) = HRy(pg) - . Y
I,(ﬁﬁﬂér: I'(Rop Ryg) = I'RpRy(7g)

#* Note: S does not appear in this element.

x—l"z‘y R e
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and the complete determinant element is
[B+RyC + Rut # RaRy I (pg)

Similar corrections to each of the other affected elements of (x-jh). result

in the following flutter determinant for the feedback case.

(x=39)

A+ RplC+6)+ ReI” |8+ RyCH Ry H RRT |
i

St —— —— — —— o— ———

| R I
D*RF+RG RARTIE+ R(F+H) + AZ T |

e e o e e e e wm e ————— ———

_CtRI

The same reasoning can be applied to cases with more than three degrees

of freedom,

It should be noted that for a case in which a system (possibly not a true

servo) exhibits irreversible characteristics (i.e., complex stiffness approaches

an infinite value) and yet is, by some device, able to sense motion elsewhere

in the structure and convert it into a physical motion of the control surface.

Equation (X-39) would include only the four elements corresponding to the

P and g degrees of freedom. However, the influence of the induced & motion

in each degree of freedom is introduced by the correction terms which are aided

tothe A ,B8,C , D, and £ elements,

The methods presented in Section 3(e) for solving the two degree of free-

dom case with feedback are applicable to the case represented by (X-39) with

the following minor changes (note that both A, and Ay as functions of @

must be known).

Method 1.

Here it is required to know the natural frequencies and coefficients of

structural damping for each of the p and g degrees of freedom (i.e., 6);,,

6)2 > Fp s and % must be fixed).

. CONFIDENTIAL
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Method 2,

Here, let g, = 9 = 9

4 e
RS S
e i R ——————— .

Solve for w), (or apland g,
Method 3, |
o Here, let 9/” = gz = 9/3 = 9,' !
: Fix, &)/ as well as A, /)i : .
Solve for ¢p/@ and g, , :%
The procedure given in Section 3(e) for solving for a "beneficis: fesdback" ‘ "
can be applied to the three degree of freedom case, Here, either an it or Rg |
t
(not both) would be obtained in order to stabilize an otherwise unstatle flutter it
Mdﬁo | - »?‘;\“;
e
! ﬁe ey
v
N
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